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Abstract 



In this review article we study the Minimal Supersymmetric Electro- Weak theory. The 
Lagrangian is constructed step by step in great detail, both in the superfield and component 
field formalism — both on and off shell. Furthermore the Lagrangian is written in the more 
familiar four component formalism. Electro weak symmetry breaking is discussed, and the 
physical chargino- and neutralino states are introduced and discussed. 
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Preface 



When I first started to work on supersymmetry, my interest fell upon the minimal super- 
symmetric electro- weak theory, or if you like, on supersymmetric quantum flavour dynamics 
(S-QFD). To my disappointment, as a person at that time with no background in super- 
symmetry, I was not able to find any good detailed review article on this subject. 

In this report I try to present such a review article with the hope that it may be useful to 
others. The material is presented in great detail, and somebody may rightly say that the 
presentation is too comprehensive. For that reason most of the detailed calculations are 
reserved for the appendices. However, my personal motivation for including so much details 
was to easy the chance of following the calculations step by step for a person not familiar 
with the Minimal Supersymmetric Standard Model. 



In this report I have mostly followed the notation used by the authors of ref. [[31 



33fl and I give some useful formulae and comments about notation in appendix A. These 



references together with ref. |34| are also good introductions to the necessary background 



of supersymmetry needed for this report. 



I would like to take the opportunity to express my deep appreciation to Prof. Dr. tech. 
Haakon A. Olsen at the University of Trondheim, Norway. He has been very helpful, and I 
in particular thank him for great many stimulating and clarifying discussions and for fruitful 
suggestions during the course of this work. 



Trondheim, April 1995 
Ingve Simonsen 
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Chapter 1 

Supersymmetric Extension of QFD 



We will now start the construction of a supersymmetric extension of QFD of leptons. In 
this chapter the Lagrangian, in the superfield formalism, will be derived. 

However, before we do so, we will say a few words about possible extensions of the Standard 
Model (SM). 

1.1 Possible Extensions of the Standard Model. 

In a supersymmetric theory, any fermionic state has to be accompanied by a bosonic one, 
and vice versa. In the early days of SUSY, one had hoped that some of the states required 
by SUSY, could be identified with some of the known particle states. For instance one 
tried to identify the spin-0 fields associated with the neutrino- and the electron-fields, as 
the photon and Higgs- field respectively [1]. Unfortunately, this idea runs into difficulties. 
Firstly, if one of the spin-0 neutrino states is associated with the photon, what happens 
to the lepton-quark symmetry? Secondly, and more convincing, is the observation that 
the spin-0 states, associated with the leptons and quarks, carry lepton number and colour 
respectively. By demanding a theory with unbroken colour and electromagnetism, only 
the scalar neutrino can acquire a vacuum expectation value. This results in a theory with 
the unwanted possibility of lepton number violation. However, this scenario can not be 
completely ruled out ||, but no realistic model, with such properties, exists. Thus, in 
consequence, one is forced to introduce a complete Higgs (SUSY) multiplet in addition to 
the multiplets of leptons and quarks. 

In the SM, it is sufficient with only one Higgs doublet (and its charge conjugated) in order 
to generate masses for the leptons and charge- 1 and -| quarks. In SUSY, however, one has 
to have at least two Higgs doublets if suitable mass terms shall be generated [Q, £|, [5], [T~5| ] . 
The reason is rather technical and relies on the fact that SUSY do not allow for charge 
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conjugation^]. 



1.1.1 The Minimal Supersymmetric Standard Model. 

The different supersymmetric extensions of the SM are naturally divided into two main 
classes. The first one, is the Minimal Supersymmetric Standard Model (MSSM) || — [2^| 
containing the minimal number of fields and parameters required to construct a realistic 
model of leptons and quarks. The second class, goes under the name of Non-Minimal Su- 
persymmetric Standard Models (NMSSM) p5[ . Several such models can also be constructed, 
but they typically increase the number of parameters (and fields) without any corresponding 
increase in predictive power and physical motivation. 

The MSSM has a high degree of predictivity, and within this model all masses and coupling 
constants of the Higgs boson sector, can be calculated at tree level. 

Since the MSSM is the most attractive one from a practical point of view, and since no 
theoretical aspects (at present) seem to discredit it, we will be considering this model in 
the present work. It is also interesting to note that the MSSM has survived all the strin- 
gent phenomenological tests coming from resent LEP-experiments, and that in most of its 
parameter space the (relevant) MSSM predictions are impressively close to the SM values 
(calculated for a relative light SM Higgs) E] . 



Model Ingredients. 

In a more complete way, the central ingredients of the MSSM can be defined by the following 
points: 

• The minimal gauge group: SU(3) x SU{2) x U(l). 

• The minimal particle content, holding three generations of leptons and quarks, twelve 
gauge bosons (defined in the usual way), two Higgs doublets and, of course, all these 
particles superpartners. 

• SUSY breaking parametrized by soft breaking terms. 

• An exact discrete R-parity. 

The three first points need no further comments at this early stage. However, the same can 
not be said about the fourth point. If we construct a theory based on the three first points 
only, a theory possessing baryon- and lepton- number violation will emerge ||25|| . The terms 
responsible for this, give unacceptable physics (fast rates of nucleon decay). Thus, these 

1 Two Higgs doublets are also needed in order to avoid gauge anomalies originating from the spin-i 
higgsinos. 
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terms must somehow be avoided, and it is believed that this can only be done in a satisfactory 
manner by introducing additional symmetries, e.g. gauge- or discrete-symmetries. The 



last possibility is used in the MSSM. Here an unbroken R-symmetry [p], |26|, 27| with a 
corresponding R-parity, or equivalently matter-parity, is introduced in order to eliminate 
the offending terms. The R-parity of a state is related to its spin (S), baryon- number (B), 
and lepton-number (L) according to 

Note that the assumption of baryon- and lepton-number conservation implies the conserva- 
tion of R-parity. 

Furthermore, an immediate consequence of the above expression is that all SM particles 
(including the Higgs bosons) are R-even, while their superpartners are R-odd. As a result 
the "new" supersymmetric particles can only be pair-produced, and any of their decay 
products have to contain an odd number of supersymmetric particles. This implies that 
the lightest supersymmetric particle (LSP) has to be stable, since it has no allowed decay 
channels. 



1.2 The Lagrangian for Supersymmetric QFD. 

In this section, we shall construct a (minimal) supersymmetric extension of QFD. We have 
chosen to work within the framework of the MSSM, and consider supersymmetric QFD to 
be a part of this more fundamental theory^. Thus the content of the Higgs-sector is defined 
to contain two Higgs-doublets, as we discussed in the previous section. 

In order to construct the Lagrangian of supersymmetric QFD (S-QFD), we will assume that 
the theory can be viewed as a low-energy limit of a SUGRAV-theory. Thus the Lagrangian 
of S-QFD has to have the form 

&S-QFD = C-SUSY + C-soft- (1-2) 

Here Csusy is a supersymmetric piece, while Csoft explicitly breaks SUSY. 

The ultimate aim of this section, will be to specify the different terms of Cs-qfd- However 
before we do so, we have to define the different fields which are present in S-QFD. 



The first version of the MSSM was constructed in the early eighties by the authors of refs. 2S 



and ^9] and later discussed in refs. [U| and |35|. They promoted all the lepton fields of the 



SM to chiral superfields, one for each generation. The same we will do, and denote these 
superfields by l(x,9,9) and i>i(x,9,9). Here the former contains the charged leptons (like 

2 An alternative contemplation could be to consider the MSSM for leptons only. Hence the SU (3)-gauge 
invariance becomes trivial as in the SM (of leptons), where all fields except the quark- and gluon-fields are 
S'C/(3)-singlets, and a non-trivial SU{2) x U(l) theory remains. This resulting theory may be considered, as 
is correct, to be a supersymmetric extension of QFD (or equivalently the Glasow-Weinberg-Salam theory). 
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the electron) and the latter the corresponding neutrinos. Here the generational indices have 
been suppressed^. 

It is useful, and we will henceforward use it, to assume, as for "ordinary" QFD, that the 
neutrinos are completely left-handed. Hence the left-handed lepton superfields (for each 
generation) can be arranged in an SU (2)-doublet and the right-handed in an SU (2)-singlet 
according toQ [] 

H'AS) = ( °t' 9 A} ) , (1.8) 



l(x,9,9) 



L 



r = i R {x,e,e). (i.4) 

From the previous section, we already know that the MSSM, and hence S-QFD, contains 
two doublets of (chiral) Higgs superfields, which we will defined as 



H\{x,e, 



F^M) = ( Ztnni ]> (1-5) 



and 



- (§(*:»:?)■ (L6) 

Note that the upper index on these superfields, say Hf(x,9,9), is an SU{2) index taking 
values in the set {1, 2}. The same applies to L(x, 9, 9). 

As for non-supersymmetric QFD, S-QFD possesses an 577(2) x [/(l)-gauge invariance. This 
means that the theory contains four different gauge vector superfields — V'(x, 9, 9) for the 
£/(l)-gauge group and V a (x, 9,9) (a = 1,2,3) for SU{2). As usual we will take the gauge 
vector superfields to be Lie algebra valued, i.e. 

V'{x,9,9) = Yv'(x,9,9), (1.7) 
V(x,9,9) = T a V a (x,9,9), a = 1,2, 3. (1.8) 

Here Y and T a are the generators of £7(1) and 577(2) respectively. 



In table 1.1 the above definitions, together with the quantum numbers, are summerized. 



1.2.1 The Supersymmetric Term jCsusy- 

The term Csusy, is obtained by "supersymmetrizing" the Lagrangian of ordinary QFD. 



In this generalizing procedure, the Yang-Mills Lagrangian [32|, |33| is useful. However 



3 Summation over the generational indices will be understood everywhere, if nothing else is said to indicate 
otherwise. 

4 Here the subscripts L and R mean left- and right-handed respectively. 

5 From now on we will use hats Q on the superfield quanteties of our S-QFD model. 
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Multiplet 


Superfields 


Quantum Numbers 


type 




SU(2) 


U(l) 


Matter 


L(x,0,0) 


doublet 


-1 




R(x,6,6) 


singlet 


2 






doublet 


-1 




H 2 (x,e,§) 


doublet 


1 


Gauge 


v'{x,9,e) 


singlet 







V a (x,9,9) 


triplet 






Table 1.1: The notation and quantum numbers used for the superfields in S-QFD (for 
leptons). The index a labels SU(2) triplets of gauge bosons. All the generational indices 
are suppressed. 



the S-QFD Lagrangian becomes slightly more complicated due to the fact that we have a 
larger gauge group, a richer particle spectrum with both left- and right-handed states, and 
in addition a Higgs-sector as well to take into account. 

With the identifications we made in the previous chapter for the kinetic terms of chiral- and 
vector-superfields, the S-QFD Lagrangian reads 



SUSY 



C 



Lepton 



Gauge 



Higgs, 



where 



and finally 



^Lepton 
^Gauge 



dW 



d A e 



Pe^+a'v'L + tte^'v'R 



- I d A e 



S 2 (9) + h.C. 



(1.9) 

(1.10) 

(1.11) 



Hl e ^v+g'v' ^ + Hl^ 9 v+g'v'fy 2 + W5 2 (9) + W5 2 (8)}. (1.12) 



Here g and g' are the (gauge) coupling constants for SU(2) and U(l) respectively and W a 
and W' a are the SU(2)- and [/(l)-fieldstrengths defined by 



W a = --DDe- 2 ^D a e 2 ^, 

8g 

W' a = - l -DDD & V'. 



(1.13) 
(1.14) 



Furthermore, W = W[L, R, Hi, H 2 ] is the superpotential of the theory which we will discuss 
in a momentPl. 



6 We will not write the fieldstrengths without spinor indices so confusion between the symbols for the 
superpotential and the ficldstcngths will arise. 
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The factors of 2 appearing in eqs. ( |1.10| ), ( |1.12[ ) and in connection with the SU(2) 



coupling constant g, are inserted for convenience. With this choice the (non-SUSY) field- 
strength V® contained in W a correspondes to that of the SM. 

The Superpotential. 

In order to give a complete expression for Csusy, the superpotential W[L, R, Hi, H 2 ] has 
to be specified. The superpotential can at maximum be cubic in the superfields in order to 
guarantee a renormalizable theory. 

In the MSSM the superpotential takes on the form 

W = W H + W Y , 

with the "Higgs-part" given by 

W H = \ie^H\Hl 
and the corresponding "Yukawa-part" byQ 

W Y [L,R,HiH 2 ] = e ij [fH[L j R + fiH{Q j t> + f 2 H 3 2 Q i U 
Here /i is a mass parameter and e 1 ^ is an anti-symmetric tensor defined by 



1 
-1 



;i.i5) 



Furthermore, /, f\ and f 2 are all (Yukawa) coupling constants containing one generational 
index which has been suppressed. It is often the case that only the largest Yukawa couplings 
(for the third generation) are of importance. However, we will not in particular take a stand 
on this point. 

As alluded to earlier, we will not be concerned about the quark-sector of S-QFD. Hence the 
superpotential reduces to 

W = Wh + Wy 

= fi e ij H[H{ + / e ij H\V R. (1.16) 

The first term of the above superpotential needs some further comments. If this term is 
missing (i.e. fi = 0), the theory has an additional Peccei-Quinn symmetry Under this 
symmetry the Higgs superfield Hi undergoes a phase transformation. In cases where the 
bosonic component of Hi gets a non-vanishing vacuum expectation value, this symmetry 
is spontaneously broken. The result of such a breaking is an experimentally unacceptable 
Weinberg-Wilczek axion |57 |. Hence, fi ^ is required in order to get a physically acceptable 
theory. 



7 Here Q is a quark (2)-doublet while U and D are quark S'f7(2)-singlets. 
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1.2.2 The Soft SUSY-Breaking Term C So ft- 



The most general soft SUSY breaking terms where described by Giraedello and Grisaru |30 . 
They found that the allowed terms can be categorized as follows; scalar mass terns, gaugino 
mass terns and finally trilinear scalar interaction terms. However, S-QFD, as the MSSM, 
has to possess R-invariance, as referred to in the previous section. This implicates that 
trilinear terms contained in WL =0 , have to be disregarded (and we do it from now) since 



they are not R- invariant. The actual proof of this fact will be given in subsect. |1.3.3| . 



By adjusting the remaining allowed soft terms to our notation of S-QFD, one gets the 
following Lagrangian (appropriate to Fermi scale) in terms of superfields: 



'-Soft — J- SMT T l—GMT i 

where the scalar mass term (SMT) piece reads 



1.17) 



C 



SMT 



R ] R + m\H{Hi 
+m\HlH 2 - m 2 3 e ij (h[H ] 2 + h.c)] 5 A (6, 6) 



and the gauge mass term (GMT) is 



C 



GMT 



<F0 



MW aa W* + M'W' a Wa)+h.c. 8\9 



;i.i8) 



;i.i9) 



Here 



M 2 L DL 



while the (soft) mass-parameters M and M' are corresponding to the SU(2)- and U(l)- 
gauge group respectively. The factor of | in front of Cgmt is inserted for later convenience. 

Within the framework of MSSM, the different couplings and mass-terms, appearing in the 
above Lagrangian, are all undetermined both in origin and magnitude. However they are 
usually interpreted as remnants of a more fundamental spontaneously broken (N = 1) 
SUGRAV-theory. Keep in mind that at the Fermi scale, which we are working at, one deals 
with renormalized parameters which are connected to their values at the Planck scale via 
the renormalization group equations. 



1.2.3 Conclusion. 

To conclude this section, we collect our results for the Lagrangian Cs-qfd, in terms of 
superfields, for later reference. It reads: 

C-S-QFD = C-SUSY + C-Soft 
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d 4 9 {DeW+^'L + tteW+^'R 

+ -[(w aa wz+ w' a w' a )5 2 (e) + h.c. 

+ Hle^+e'v'H, + H\ e 2 ^ + ^' H 2 
+ W 5 2 {9) + W 5 2 {9) 

M 2 L Dt + m\ R ] R + m\ h\h x 



+- 



+m 2 2 HlH 2 - mle ij (HlM + h.c. 
( M W a a W£ + M' W' a W' a ) + h.c. 



8Ho,i 



1.20) 



1.3 Invariances of the Lagrangian C 



S-QFD' 



In this section, we will establish some of the symmetries of Cs-qfd, and we start by demon- 
strating the SUSY invariance of C-susy- 



1.3.1 The SUSY Invariance of C 



SUSY- 



It is well known that the highest (mass) dimensional component of any superfield combi- 



nation is always supersymmetric (up to a total derivative) |pT| , 32], |33 |. With this in mind, 
the SUSY-invariance of Csusy is easy to verify, due to its possible formulation in terms of 
superfields^. 

With eq. ( |A142 ) we have that a four dimensional integration with respect to Grassmann 
variables projects out the 99 M-component of the integrand. This is the highest, non- 
vanishing dimensional component possible, because of the anti-commuting property of the 
Grassmann variables. Hence, we may on this ground conclude that CLepton and the two first 
terms of C-mggs are supersymmetric. 

The highest component of a product of two or three left-handed (right-handed) chiral super- 
fields is a ##-component (M-component). Hence, since L, R, Hi, H2 and the fieldstrenghts 
W a and W' a are all left-handed chiral superfields, while their hermitian conjugated are 
right-handed, C-Gauge and the remaining terms of C-mggs are SUSY-invariant. Note that the 
two-dimensional delta functions over a Grassmann algebra, are inserted in order to adopt 
with the four-dimensional Grassmann integration. 

Hence Csusy is proven to be SUSY-invariant. 

As have been stated up to several time, Csoft breaks SUSY. To see this, it is enough to note 

8 Later on, when the component-form of Csusy is obtained, we will also verify the SUSY invariance 
explicitly without any reference to the superfield formalism. As we will see then, this line of action is much 
more demanding then the approach made here. 
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that 

' fi.2r 



J d 4 6 S 5 4 (6 } 6) = S 



8=0=0 



is a (mass) dimensional zero term, with S being any superfield (or superfield combination). 
Then according to our earlier discussion C-soft is notoriously not SUSY-invariant. 

1.3.2 The Gauge Invariance of jCs-qfd- 

The gauge transformations on chiral- and vector-superfields are defined by 

$'(a:,0,0) = e- i9A( - x > e ®$(x,6,6), D & A = ] 

$'i(x,9,§) = $t( X) e, Q) e i9tf{x,W D a A^ = >. (1.22) 

e gV _ g-igAt e gV e i 9 A 

and that of the fieldstrength W£ by 

W a _>W£ = e- i9A W a e i9A . (1.23) 
These transformations will be extensively used in this subsection. 
We start by showing the SU(2) invariance of the theory. 

The S£/(2)-Invariance. 

Since [V, V'] = [A, V'] = 0, the term De 2gV+g ' v ' L is shown to be Si7(2)-gauge invariant as 
follows 

lt e 2 9 V +9 iV>l = l1 e 2 9 V e 9'V'l _^ P e 2i 9 Ai e -2 ig At e 2 9 V e 2 ig A e9 'V> e -2i 9 Al 

= Pe^+^'L (1.24) 

The invariance of the corresponding kinetic terms of R, Hi or H 2 are shown in the same 
manner^ 

If we can show that W aa W%, W' a W' a} and the superpotential W = W[L,R,H 1 ,H 2 ] are 
gauge invariant, then we have established the SU (2) -invariance of Csusy- This is so because 
the invariance of the other terms can be obtained by hermitian conjugation. From eq. ( |1.23| ) 
we have 

W a a w a = ]_ Tr (W a W a ) ► ~ Tr ( e' 2 ^ tf/V^V 2 ^ W^ 1 ) 

k k v ' 

= -Tr (W a W a ) 

= W aa W a a (1.25) 



3 Note that the invariance of the term containing R is trivial since R transform like a singlet under SU(2). 
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Here we have used the cyclic property of the trace. The SU(2)-invariance of W' a W' a is 
trivial since W' a is a singlet under this group. 

Now we shall demonstrate the invariance of the superpotential W, and we start by Wh, 



W H = fie 1 ' H[H J 2 



lie 

u,e ij U ik U jl H ± H l 2 , 



e- 2igA H 2 



U 



-2igA 



In order for Wh to be invariant we must have 

£ ki = £ ij u ik u n_ 



1.26) 



1.27) 



This relation is in fact satisfied as we now will show. The matrix U = e 2l9A is obviously a 
2 x 2-matrix, and its determinant is 



detU = e- 2l9T < k ) = 1, 



1.28) 



since Tr (A) = Tr (T a A a ) = 0. Hence U is an S'C/(2)-matrix. ThenW, as any S'C/(2)-matrix, 
can be written as 



U = 



A B 
-fit it 



with 



A ] A + B ] B = 1. 



1.29) 



(1.30) 



Here 1 and B are functional of the chiral superfields A a . Their actual dependence on these 
superfields are of no importance to us, so we will not worry about them. 



Hence 



z ij U ik u ji 



U T eU 



ki 



+ BtB 

(A* A + &b) o 

ki 



1 
-1 



(1.31) 



and W 7 ^ is (gauge) invariant under SU(2). 



The invariance of Wy is showed as above since Hi and L are both doublets under SU(2), 
while R is a singlet under this group. Thus the superpotential W = Wh+Wy is SU (2)-gauge 
invariant. 
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We now would like to draw the attention towards the SUSY-breaking term Csoft- Because 
of the particular form of Cqmt (cf. eqs. ( |1.19|) ) the only invariance which has not been 
checked yet, is that of Csmt- Since 

DL — ► De 2i9k e- 2iak L = tit, (1.32) 

is invariant, and the same applies for the corresponding terms of R, Hi and H2, we may 
conclue that Csmt, and thus Cgoft, are SU(2)-invariantQ. 

Thus the total Lagrangian C S -qfd is SU(2)-gauge invariant as it should. 



The £/(l)-Invariance. 

Many of the invariances showed above easily generalize to U(l) with the substitutions 2g — > 
g', T a A a — > YX = A'. This applies to all terms containing only vector superfields, and 
terms built out of vector superfields and only one type of chiral superfields^} 

The remaining U(l)-invariance to check, is that of terms holding two, or more, types of chiral 
superfields. Such terms are only contained in the superpotential W, and the invariance is 
proved as follows 



W H = ne ii H{H i 2 — ► iJ£ ij e - i9 'v^ +YH ^ x ' H[Hi 

= W H (1.33) 



and 



W Y = fe ij H\DR — ► fe ij e' 19 '( y hi+ y l+y r )\' 'ftifc £ 

= W Y (1.34) 



since Yu x + Yh 2 — and Yu x + Yl + Yr = according to table [LJ]. Hence the theory is 
U(l)-invariant as well. 

This completes the proof of the full SU(2)xU(l) gauge invariance of the theory. 



1.3.3 The R-Invariance. 

The definition of R-symmetry, generated by the operator R, was introduced by the authors 
of refs. |T] and It acts on left-handed chiral superfields $(x, 9, 9), and its (right-handed) 
hermitian conjugated, as follows 

R&(x,9,9) = e 2in * a §(x,e- ia 6,e ia 6) (1.35) 
R&{x,6,6) = e- 2in * a &(x,e- ia 9,e ia 9), (1.36) 

10 Note that the last two terms of Csmt are invariant for the same reason as for instance Wh- 
11 The different types in our model are L, R, Hi and i^- 
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and on vector multiplets according to 

RV(x,6,i 



V(x,e~ ia 9,e i 



1.37) 



Here a is a continuous real parameter, while n$ is called the R- character of the chiral 
superfield 9, 9). 

In terms of component fields, the above transformations read for the chiral multiplet 

A — > 



F 



e 2i(n 4 ,-l)a^p 



'1.38) 



and for the vector multiplet 



/ - 


/ I 


$ - 




m — 


— > e m 


y, - 


- v, • 


A - 




d - 


d , 



(1.39) 



Here the transformations for the remaining components are given by hermitian conjugation. 
For products of left-handed chiral superfields we have |38 

RH$ a (x,6,6) = e 2i ^ naa Y[$(x,e- ia 9,e ia 9), 



(1.40) 

(1.41) 
(1.42) 
(1.43) 

(1.44) 



Now returning to S-QFD, we have at once, from the above results, that Cs-qfd is R- 
invariant if and only if 



and the following general superfield terms are all R- invariant: 

d A 9 &{x,9,9)$(x,9,9), 
d*9 &(x,9,9)e v ( x > e &<£>(x,9,9), 
d 4 9 Y[$ a (x,9,9)5 2 (9), if 5>a = l, 

a a 

d A 9 Y[$ a (x,9,9)6 4 (9,9), if 5> o = 0, 



n\ + n 2 
ni + n L + n R 



1. 



1.45) 
1.46) 



Here we have used obvious notation, and we have chosen to give the superfields arranged 
in doublets, the same R-character for convenience. Since the R-characters of the superfields 
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in question are somewhat ambiguous, we will in addition take up the convention of all n's 



being positive. With the choices made in table |L2| , Cs-qfd is R-invariant, as it should. 



Before we close this chapter, we will make one concluding remark. From eqs. ( |1.43p and 
(|L44|) it is obvious that both jd^OWd 2 ^) (from £ S usy) and the soft term jd A W 5 4 (0, 0) 



can not be R-invariant at the same time. On the other hand, R-invariance alone does not 
favour one from the other. However, the unbroken S-QFD theory, described by Csusy, must 
have appropriate Yukawa-terms. This implies that / d A W 5 2 (0) must be included in Csusy, 
while the soft term Jd 4 W 5* (0,0) has to be excluded from Csoft (due to R-invariance) as 
mentioned earlier in this chapter. 



Superfields 


R-character 


L(x,0,0) 


1/4 


R(x,O,0) 


1/4 


H x (x,0,0) 


1/2 


H 2 (x,Q,Q) 


1/2 



Table 1.2: The R-character of the different chiral superfields of S-QFD. 
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Chapter 2 

Component Field Expansion of 

£s-QFD- 



In this chapter, the component expansion of the full Lagrangian Cs-qfd will be developed, 
even if it is Csusy which will be our main consurn. Much of the explicit calculations are 
pretty lengthy and are performed in the appendices. The time-consuming possedure of 
explicitely proving the SUSY-invariance of Csusy will also be given in this chapter. Finally 
we will transform the full Lagrangian into four-component notation. 



2.1 Component Expansion of Csusy- 

Before we go into the component expansion of Csusy, the component form of the different 
superfields of the model have to be given. This we will do now. 

In the previous chapter, we arranged for one of the lepton superfields to be an SU(2)- 
doublet (L) and the other an singlet (R) . These chiral superfields will be given the following 
component expansions 1 



L(x,9,9) 



/ u t {x,9,9) \ 
[l(x,9,9) ) L 

L(x) + i 6a»6 d^L(x) -^ 99 99 d^d^L(x) 

+ y/2 6LW(x) + -^ 99 9a»d^L i2 \x) + 99 F L (x), (2.1) 
v2 



R(x,9,9) = l R (x) 



1 These component expansions, and coming, would been simpler in the (y, #)-basis. However, this basis 
will not often be used, so we have decided to work in the (x, 9, 0)-basis form the very beginning. 
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= R(x) + i 6(7^0 d^R(x) -^ 99 99 d^d^x) 

+ V2 9R( 2 \x) + -J= 99 9a^d^R i2 \x) + 99 F R {x). (2.2) 



r leid name 


aymuoi 


Spin 


1 h O V (T o 

Oildlgc 


Leptons 


r 12) 1 


1/2 







r f"2"S 2 


1/2 


— 1 




R} i] 


1/2 


1 


Sleptons 


L 1 










L 2 





-1 




R 





1 


Higgs bosons 


Hi 










H\ 





-1 




m 





1 




HI 








Higgsinos 




1/2 









1/2 


-1 






1/2 


1 






1/2 





Gauge bosons 


V' 
V 


1 






1 




Gauginos 


A a 
A' 


1/2 
1/2 





Table 2.1: A summary of the SM-fields and their superpartners present in the S-QFD model. 
The quantum numbers of the various fields are also summarized. All fermion fields are given 
in terms of two-component (Weyl) spinors. 



Here the component fields are defined by 
andQ 

R{x) = ~Ux) R^\x) = l%\x) F R (x) = f R (x). (2.4) 



2 The relation R = l R (with a dagger on only one side) may seem a little bit strange at first sight. It is 
introduced for convenience, and in particular to let L* and W both create negatively charged sleptons. If 
we have identified R — Ir, then i?t would have created positively charged sleptons |3S||. 
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Field name 



Symbol 



Spin 



Charge 



Auxiliary Lepton Fields 
Auxiliary Higgs Fields 

Auxiliary Gauge Fields 



r 
A 
fk 
n 
n 

n 

D a 

D' 




-1 
1 

-1 
1 




Table 2.2: A summary of the auxiliary fields of the S-QFD model and their quantum 
numbers. 



In the same way we have for the two Higgs (doublet) superfields 

ifi(M,0) = 



H x (x) + % 6^6 d^H^x) -- 66 66 d^d^H^x) 

+ V2 6H {2 \x) + -^ 66 6a»d^H (2 \x) + 66 F 1 (x), 
v2 

/ Hl{x,e,e) \ 

\ H 2 2 (x,6,6) J 

# 2 Or) + i 6^6 d^H 2 {x) -^ 66 66 d»d^H 2 {x) 

+ V2 6H { 2 \x) + -^ 66 6^d^Hi 2 \x) + 66 F 2 (x), 
v2 



where the component fields read 
and 

H 2 (x) = 



H 2 (x) 
Hl{x) 



H (2) (x) 



F^x) 



F 2 (x) 



PA x ) 



tit?) 

/!(*) 



(2.5) 



(2.6) 



(2.7) 



(2- 



Note that all the F-fields are auxiliary fields, which later on, when constructing the on-shell 
Lagrangian, will be removed through the Euler-Lagrange equations. 

Here hats ("), as in the previous chapter, indicate superfields while tildes (~) denote su- 
persymmetric partners of the SM particles. The subscripts L and R on fermionic-fields, 
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mean as usual, left- and right-handed fields 3 , while the superscript "(2)" means that we are 
dealing with two-component (Weyl) spinors. The same goes for the SU(2) components of 

- (2) ~ i 2 \ 

the hkre'sino doublets Hr and H\'> , even if the above mentioned superscript is missing on 
the ip's. 

The (minimal) S-QFD model also contains vector multiplets. As a matter of convenience, 
we choose to work in the WZ-gauge. In this gauge the component expansions of the SU(2)- 
and U(l)-gauge superfields V = T a V a and V = Yv', are given by 

V a (x,6,6) = -6a^6V^{x)+i 66 6X a (x)~i 66 6X a {x) + ^ 66 66 D a (x), (2.9) 

and 

v'(x,6,6) = - 6^6 V'^x) +i 66 6X'{x) -i 66 6X'(x) + - 66 66 D\x). (2.10) 

Here X a (x) and X'(x) are the two-component (Weyl) gaugino fields, the superpartners of the 
(SM) gauge bosons, and the D-fields are auxiliary fields. 

With the above definitions, the Lagrangian Csusy can be expanded in terms of component 
fields. In appendix [FJ, this calculation is performed in detail, and the result is according to 
eq. (iH) 

Csusy = {p^tf (pj) + (d»R) ] (d,R) - i L^D.L® - i R^D.R^ 
+ D (gT a D a - ^g'D'^j L + R)g'D'R 

+ \/2z D (gT a X a - ^g'X'^j L {2) - L< 2 > (gT a X a - ^g'X'^j L 

+ V2i &g'X'R {2) - V2i R {2) g'X'R 
+ F[F L + F* R F R 

- i A a a^A a - i X'd^D^X' 

--[V a T£ + V'^V^ ) + X - ( D a D a + D'D' ) 
+ (D^Hj (DpHt) + (ZW 2 ) f (D,H 2 ) 

- i Hfa^Djl? - % Hfa»D^H { 2 2) 

+ H{ (gT a D a - -g'D') H x + R\ (gT a D a + -g'D') H 2 



+ sfti Ht [gT a X a - ~</A') H? - s/2i &f [gT a X a - ~</A') H x 
+ y/2i Hi [gT a X a + ^'A') &f ] - y/2i [gT a X a + ^'A') H 



2 



3 When those subscripts occur on bosonic-fields, say on Ll, it only denotes a particular field and has 
nothing to do with left-and right-handed fields (which are not defined for bosonic-fields). 
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+ f\f 1 + f\f 2 



+ fie 1 - 



E\F{ + H?Fp + F{H{ + Fl ] H ] 2 ] - H? ]i H { 2 2)3 - H^H® 3 



+ fe ij [ F[DR + Fi ] D ] R ] + HiFlR + H^F^S? 

+ H\LPF R + H^L^Fi - H^L^R - H^L™*® 



.Hi L (2)i R {2) _ #jt£(2)^(2) _ R mH^~ L 3 _ R^H^V 



+ t.d. 



(2-11) 



Here t.d. means a total derivative and is the standard £77(2) x £7(l)-covariant derivative 
defined by 

D, = d lt + igT a V^ + ig f jV^ a = 1,2,3. (2.12) 

Note that when operates on e.g. the gauginos A a and A', which lay in the adjoint 
representation of SU(2) and U(l) respectively, i.e. 



F 



ab 



adj 

•y 
1 adj 



'if 



cab 



we have (cf. eq. flggg) ) 



D,X a 



(2.13) 
(2.14) 



The various fields of the Lagrangian Q2.ll ) are summarized in tables 2A and 22. Note that 
this Lagrangian contains auxiliary fields, i.e. F- and D-fields, and thus is off-shell. 



2.2 Elimination of the Auxiliary Fields. 

The aim of this section will be to construct the on-shell Lagrangian, i.e. to eliminate the 
different auxiliary fields given in table |2.2j . When we do so, we will see that mass terms 
for Higgs-bosons and different interaction terms between Higgses, Leptons and Sleptons, 
without any Lepton-Slepton interaction, will appear. 



If we pick all the terms from the off-shell Lagrangian Q2.11 ) containing Lepton-, Higgs- and 
Gauge-auxiliary fields (F- and D-fields) we get 

£-Aux = f~-Aux-F + f~-Aux-Di (2-15) 
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with 



and 



Aux-F 



c 



Aux—D 



F{F L + F R F R + + F\F 2 

+ fi e ij \H[Fi + H^Fp + F[E{ + F[ ] H 3 2 ] 



F{VR + Fi ] U ] R ] + + H\ ] Fl ] R ] 

+H i l UF R + H i 1 ] L^F R ' 



- ( £> a .D a + D'D' 
2 v 



+ D (gT a D a - \g'D'^j L + Wg'D'R 
+ Ht [gT a D a - l -g'D'^ H x + R\ [gT a D a + l -g'D') H 2 . 



(2.16) 



;2.17) 



We will now show that these fields can be eliminated through the Euler-Lagrange equa- 



tions 41 



90 M <9(<9,0) 

where is any (also hermitian conjugated) Minkowski field. Formally auxiliary fields are 
defined as fields having no kinetic terms. Thus, this definition immediately yields that the 
Euler-Lagrange equations for auxiliary fields simplify to %■ = 0. 



Applying these simplified equations to various auxiliary F-fields yields the following relations 

-/ e ij H{R, (2.18) 



-f e ij Hil j , 

-fi e ij H J 2 - / e ij L j R, 

-fi e ij H[. 



(2.19) 
(2.20) 
(2.21) 



Expressions for, say F[ and so on, are given by hermitian conjugation of the above relations. 
Substituting these expressions for the F-fields into eq. ( |2.16| ) yields according to eq. ( |L>.7| ) 



C 



Aux~F 



-fi 2 H\H X - fi 2 H\H 2 - /// [ h\l r + Dh 2 r} 

-f 



D~L R ] R + HtHi (DL + $R) - H\i (h\L^ 



(2.22) 



Note that mass terms for the Higgs bosons and Higgs-Lepton and Lepton-Lepton interactions 
have now been generated as we clamed at the beginning of this section. 
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The same program for the D-fields gives 



D' 



-g 



IST*L + E\T a H x + H ] 2 T a H 2 



| D~L - g' m + | HlH, - | H\H 2 



(2.23) 
(2.24) 



and according to eq. ( |L>.9| ) this means for Caux-d 



C 



Aux-D 



a 

y ( L ] T a L + H\T a E x + H j 2 T a H 2 ) ( L ] T a L + H\T a H 1 + H 2 T a H 2 



/2 



— — ( ]JL — 2R ] R + H[H 1 - #|# 2 



(2.25) 



Now Higgs-Higgs, Higgs-Slepton and Slepton-Slepton interactions have come into play. 

By substituting the expression for Caux back into Csusy, the on-shell Lagrangian is ob- 
tained. According to eq. ( |D.11|) the result is 



Csusy = (D^L)\D,L) + (D^R)\D,R)- l L^^D,L^-tR^^D,R^ 
+ V2i V ( y gT a X a - ^g'X') L (2) - y/2i (gT a X a - ^g'X') L 
+ y/2i ftg'X'R® - ^/2i RWg'X'R 
- i X a a^D^X a - i X'a^D^X' - - ( V a ^V^ u + V'^V^ 



^\t 



- (2) . 



- i H x 'a^D^H^ - i H 2 a^D^ 

1 /w _ 



r,( 2 ). 



r(2) 



+ fl} (<?T a A a - ^'A'J tf{ 2) - V2z Hf [gT a X a - '-g'X'} H x 



1 i\i 



+ V2i Hi (gT a X a + l -g'X'} H { 2 2) - V2i H 2 ' (gT a X a + ^A'J H 2 



~.(2) 



1 t\l 



H ( H[ 2)i H® j + H^H™ )+f( H?»LWR + H^ZWW 



.it 



/i 



-/ 2 



2 ifJiZi - h\h 2 - h\l r + Dh 2 itf 



DL r)r + hIh-l (Dl + r)r) - h\l (h\l 



— ( l)T a L + H[T a Ei + H 2 T a H 2 ) ( DT a L + HlT a H 1 + H 2 T a H 2 



-,/2 



(2.26) 



This concludes this section. 
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2.3 Introducing the Photon-, W- and Z-Gauge Boson 
Fields. 



In order for our model to be realistic, the sector of the theory containing the SM-particles 
has to coincide with non-supersymmetric QFD. In particular this means that the photon and 
heavy W- and Z-bosons have to be present. However, "generation" of heavy gauge bosons 
requires some sort of gauge symmetry breaking as in the SM, and this will be discussed in 
detail in the next chapter. Nevertheless, it is practical at this stage to introduce the W- 
and Z-gauge fields even if they before gauge symmetry breaking are massless. 

In analogy with the Standard Model we define 

A^x) = cos6 w V^x) + sme w V^(x), (2.27) 
Z^x) = -sin9 w V^x) +cos6 w V*(x), (2.28) 

K(x) = ^ ^ " y \ (2.29) 

and for the corresponding spin- 1/2 gauginos 

X A (x) = cos6 w \'{x) + sm6 w \ 3 {x), (2.30) 
^z{ x ) = — sin^w A'(x) + cos^-w A 3 (x), (2-31) 

\±(x) = A1(X)T ; A2(X) . (2.32) 
v2 

With these definitions the SU(2) x [/(l)-covariant derivative becomes (cf. eq. (p.!5|) ) 



= d ll + ^=T + W+ + ^=T'W f ;+zeQA fl + ^—\T 3 -Qsm 2 e w }Z tl , (2.33) 
V 2 v 2 cos 

where the charge operator Q (with eigenvalues in units of the elementary charge "e") is 

Q = T3 + y; ( 2 - 34 ) 

and 

= T 1 ± iT 2 . (2.35) 

It is important to note that Q and the T's are assumed to operate on the same field as D M . 
For instance, if operates on an SU(2)-doublet, T a = a a /2, and is a 2 x 2-matrix, 
while for an SU(2)-singlet T a = 0, and is no matrix at all. 
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In terms of the new fields ( |2.27| )- fl2".32| ), the Lagrangian Csusy, in two-component notation, 
can be obtained from appendix |C| by substituting for the various terms of eq. Q2.26|) rewritten 
in this appendix. 



Nevertheless, the result reads 



+ ig (DT + L^X + - X + L^T-~L) + ig {pT'L^X' - X'L^T+L 
+ V2ieQi (L^L^Xa - A A L (2)i i?) 



+ V2ie (ft R (2) X A - X A R {2) R) - yfag^p- (& R^X Z - X Z R^ R 

V ' COSPw v 

- % A+a^A + - % X-a^X- - i Xa^O^Xa - i Xza^Xz 
+ gcos6 w \(X z a»X- - X+a^Xz) W+ - (X z a»X + - X'^Xz) W~ 



Z, 



\ A a»\- - X + a^X A ) W+ - (X A ^X + - X'^Xa) W~ 
+ (X + a^X + - X~a^X~) A, 



+ e 



4 



t 



■'fW 



+ (D^HiY {D^Hx) + (D»H 2 y (D^H 2 



hi [hIt + h{ 2) X + - X + H l T-Hxj +?</ ( H\T-H l c'y 

- ~(2)i ^ 



r(2) 



- ~ (2) j_ 



• v'2^;,(// l 7/r ; A v '-' 2 " 



+ 



s/2ig 



cos 9 



w 



7^ 3 - Qi sin 2 



w 



ti\ ii\ *z — A Z ti 1 n l 



+ ig ( H ] 2 T + H [ 2 2) X + - X + H 2 T-H 2 ) + ig ( E\T-H K 2 'X- - X"H 2 T + E~ 



r(2) 



-(2), 



+ V2ieQ< (h\ % H% )i X a - Xa&Th^ 
V2ig 



+ 



cos6> 



W 



(T; 3 - Qi sin 2 # w 



ti 2 ri 2 \ z — a z N 2 n 2 



» ( hP'hP* + #f } #f j )+f( hP'lWr + HfWW 



~\ (2)* = , 



+/ ( HiL<MR&> + H?L&>*R® + R^H {2)t U + m&^^L^ 



/i 2 - E\E 2 - iif 



2 trt . 
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L^L R ] R + H\Hi [L ] L + F$R) - H[L (h\L 



( DT a L + H\T a Hi + H ] 2 T a H 2 ) ( DT a L + H ] l T a H l + H ] 2 T a H 2 



,,/2 



( L f Z - 2^ + H\H x - HlH- 
8 ^ 

Here, cf. eqs. flgjj) , (^2H) , (^3|) and (^3^), 
^ = cos # w + sin 9 W V* v 

= A IMU + te(w^W--W-W u + 



+ t.d. 



Z 



— sin 6> w V' + cos 6> w V, 3 



^ + z<? cos # w ( W+W- - W~W+ ) , 



w, 



V2 

W~ - ie (A,W- 



igcoB9 w [Z lt W--W-Z i 



and A^ u , and W^ u are the usual fieldstrengths given by 



A^u 


= d„A v - 


d u A^, 


Z^v 


= d^Z u - 


duZ^, 


W ± 


= d,W±- 


- d„W± 



(2.36) 



(2.37) 
(2.38) 



W+A v ) + ig cos 6 W (z^Wt - W^Z,) , (2.39) 



Note that the "scripted kinetic terms" are defined in complete analogy with eqs. |2.27| ) 
and that they also contain interaction terms for the gauge bosons. 



(2.40) 

(2.41) 
(2.42) 
(2.43) 

-( PD 



2.4 Introducing Four- Component Spinors. 

In order to make use of the Lagrangian ( |2.36[ ) in field theoretical calculations, it is practical 
to express it in terms of four- component spinors. This will be done in this section. 



The interactions of the gauge-fermions of eq. ( |2.36|) suggest that we introduce the Majorana 
spinors 

- ( "at! ) ■ (2M) 
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and the Dirac spinors 



= ( ~%U ) • < 2 - 46 > 

^> = ( ) • < 2 - 47 > 

Here the Photino A(x) and the Zino Z(x) are neutral fields, while the Wino-field describes 
charged (±e) Winos. The state W° is the charge conjugated of the Wino-state W (cf. 
eq. (\AM)). 



In sect. [O] we saw that the Higgs-sector contains two charged and neutral states (cf. ta- 
ble |2.1| ). Hence we introduce the weak interacting neutral Majorana Higgsino states 

(2 ' 48) 

H 2 = ( fk ) , (2 .4 9) 



■0 



H2 



and the charged Dirac Higgsino states 



H = ( | ; ) , (2,0) 
# C = ( if 1 V (2-51) 



■0 



H 2 



The (four-component) leptons are as usual Dirac spinors, and they have according to sub- 
sect. |A.5.2j , the form 



(2) 
L 
V2) 



By working in the Weyl basis for the 7-matrices (cf. eqs. ( |A48| ) and ( |A.49| )), we demonstrate 
in great detail in appendix y, eq. ( |C51| ), that the four component version of the two- 
component Lagrangian (|2.26|) (or equivalently ( [2.361 )) is 



[l x W I 2 + L 2 W C L 1 } + h.c] + V2e [{L 2 A L 2 - AR R,} + h. 



V2g 



cos#- 



w 



{ (T? - Qi sin 2 W ) VZ V - sin 2 6 W ZR R} + h. 



- 1 W-fd^W - % - M^A - l - ZYd^Z 
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g cos 6 W [ Z*fW W~ + W*fZ W+ - W'fW 
~ArfW W~ + W^A W+ - W^W 



1 



+ (PAP^ (D^) - fi'HlH, + (D»H 2 y p M F 2 ) - /i 2 P 2 T P 2 
v/2 



,2rzt. 



H-fP R H x - H^P L H 2 ) W+ + h.c. + e P T "P A M 



2cos£ 



+ 



+ V2e 



9 



w 



(» 



2 sin^ W ) P 7 "P - - (P^Pi - H 2l ^H 2 



WP R H H\ + PP R W> P 2 2 + H X P R W Hi + W>P fl P 2 Hi) + /i.e. 



COS #w 



APrP P 2 - PP^A Hi) + /i.e. 
{IPrP! ^ - H 2 P R Z H 2 2 

1 - 2 sin 2 W ) (ZP fi P P 2 - HP R Z P 2 X ) } + h.c. 



+ / [{PP 1 P - PiL 2 R + PL 1 Hi - RL 2 Hi + RH C L 1 - RH X P 2 } + h.c. 



Hf HlLR + h.c. - f 



_ 9_ ^ l\ T a~ L + H t T a Hi + H ^ T a H2 j ^ + E\T a H x + H\T a H 2 



L f L P f P + PjPi (Z f L + P f P) - H\1(h\l) 



_ ^tan 2 ^ / M _ 2k]R + H i Ri _ F t Fa ) 2 + t 



(2.53) 



Here Pl and Pr are the left- and right-handed projection operators given by eqs. ( [A.80Q 
and ( rXgg ). 



This concludes this section, and after the long discussion of the Lagrangian Csusy we will 
finally draw our attention towards the soft-breaking piece Csoft- 



2.5 Component Field Expansion of Cs ft- 



From chapter [I], eq. ( |1.17| ) , we recall that 

£soft = Csmt + £gmt, 

with 



SMT 



d A e 



R ] R + m\H\H x 
+m 2 2 H ] 2 H 2 - m 2 3 e ij (H{H 3 2 + h.c. 



(2.54) 



(2.55) 
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and 



C GM T = \j did [(MW aa WZ + M' W' a W' a )+h.c. 



(2.56) 



Now the component expansion of Csoft will be calculated, and we start with Csmt- With 
the component expansions of L, R, E% and E 2 from sect. |2.1| , we have (cf. |3l], |32], |33| ) 

C SMT = -Mll^l-m\R^R-m\E\E x -m\E\E 2 



+ m\e ij (E\E{ + h.c.) , 



and correspondingly for Cqmt 
Cgmt = - 



—M (\ a \ a + A a A a ) - ~M' (A'A 7 + A' A') . 



(2.57) 



(2.58) 



Here M| L^L is defined in analogy with the corresponding superfield definition, i.e. M| L^L - 

Since eq. ( |2.58| ) contains two-component Weyl-spinors, we will, as in the previous section, 
introduce four-component notation. 

Hence, with eq. (|2.46|) we have 

-~M (aV + A 1 A 1 ) - \m (a 2 A 2 + A 2 A 



M [\-\ + + \~\- 



M W WW, 



(2.59) 



where = M. Similarly, with eqs. Q2.44Q and Q2.45| ) 
_I M (A 3 A 3 + A 3 A 3 ) - ~M' (A'A' + A'A') 



-- (Msin 2 6 W + M' cos 2 W ) (\ a Xa + A A A A 

- i (Mcos 2 ^ w + M / sin 2 ^ w ) (A Z A Z + X Z X Z 
_ I ( M - M') sin 2fl w (A A A Z + A A A Z ) 

- (M sin 2 # w + M' cos 2 # w ) li + - (M cos 2 # w + M' sin 2 W ) 

+ - (M — M') sin 29 w AZ 
1 - „ 1 ^ _ 1 

- M4 + - ZZ + - (Mg - M A ) tan 2# w AZ, 



where we have introduced the notation 

M' cos 2 9 W + M sin 2 W , 
M' sin 2 # w + Mcos 2 W . 



(2.60) 

(2.61) 
(2.62) 
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Thus eq. (J2.58|) reads 



C GMT = M W WW + ]-M A AA + ]-M z ZZ + ~ [M z - M A )tsm26 w AZ, (2.63) 

Zi £j Zi 

and this section is concluded. 



2.6 Conclusion 



grangian C S -qfd> 



The Full Four- Component La- 



With the results from eqs. (|2.53|) and (|2.63|) we may conclude for C-s-qfd = C-susy + £-Soft 

jCs-qfd = (D»L)* - M 2 L VI + (d»R) ] (d^R) - m 2 R R)R 

- i VfDpL - i RYD^R 

[L l W L 2 + L 2 W C L 1 } + h.c] + V2e [{l 2 A L 2 - AR Ft\ + h.c. 



V2g 



w 



{ (j? - Qi sin 2 6 W ) L l Z U - sin 2 6 W ZR R,} + h.c. 



cos 9- 

- W (i^d, -M w )W- l -A (i^d, -M k )A- X -Z (i^d, - M z ) Z 
1 

+ - (M z - M A ) tan2# w AZ 

- g cos 6 W [ Z'fW W~ + W^Z W+ - W^W Z^ 



— e 



A'fW W~ + W^A W+ - W'fW A^ 



4 w 



-A^A 

4 



(IV 



+ {D»H 2 ) ] {D^H 2 ) - {m 2 2 + /i 2 ) H\H 2 + m\e 13 (h\H{ + h.c. 

- H (z 7 ^ -y)H- 1 - Si-fd^Hi - ~ H 2l »d,H 2 - ^H X H 2 - ^H 2 H X 

_ JL 
v/2 

5 



HYPrH-l - HYPlH 2 WJ + h.c. + e Hj^H A 



2 cos 6* w 
-5 f/T " 

9 



(l - 2 sin 2 W ) # 7 "# - - (Ha^Hi - H 2l ^H 2 

(#Pr# + FPr# ^ 2 2 + HiPrW Hi + #P H #2 #2) + h.c. 
AP R H Hi - HP R A Hi) + /i.e. 
{iPi^i Hi - H 2 P R Z H\ 

1 - 2 sin 2 W ) (ZP R if Hi - HP R Z H\) } + h. 



y/2 cos #w 
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+ /[{HL 1 R - R X L 2 R + RL 1 H 2 - RL 2 H{ + RH C L 1 - RH t L 2 } + h.c. 



\i f E\L R + h.c. - f 



Vi r}r + hIh-l (pi + R^Rj - h\l(h\l) 



_ {J_ ^ ^ T al + H \ T a Hi + H t T a H2 ^ ^ + H\T a H l + H\T a H 2 ) 

_ ^tan^w / £ tz _ ^ + ^ _ jj^jjA 2 + t . d . (2.64) 



This Lagrangian is the final result for our S-QFD theory, but before we close this chapter 
we will make several observations about this Lagrangian. 

Firstly, it contains the correct kinetic terms for the bosons (sleptons, photons, Z-bosons, 
higgs bosons . . .) and fermions (leptons, photinos, zinos, winos, . . .) of the theory. 

Secondly, it holds the well known SM-interaction terms for the SM-particles, and in addition 
interaction terms between SM- and SUSY-particles and SUSY-particles alone. Note the rich 
number of different interactions, both cubic and quadratic, that are possible in this theory. 

Thirdly, we observe that for the wino- and charged higgsino-fields, their charge conjugated 
fields also appear in the Lagrangian. Such a situation is unknown from the SM. In part 2 we 
will see that this has the strange consequence that the theory will contain fermion-number 
violating vertices and propagators. 

After these remarks we close this chapter. 
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Chapter 3 

Symmetry Breaking and Physical 
Fields. 



In this chapter the breaking of electroweak gauge symmetry and the introduction of physical 
states will be demonstrated. 

As alluded to earlier, the breaking of gauge symmetry is in the MSSM directly connected to 
the breaking of supersymmetry. In fact this breaking — called radiative breaking — is an 
effect of radiative corrections to the soft mass-parameters as we now will discuss in detail. 



3.1 Radiative 577(2) x U(l) Breaking. 

Our model has the attractive virtue of allowing for the possibility of a phenomenologically 
acceptable radiative breaking of the electroweak gauge symmetry f4]-|22|, |43^f46fl. This is 
obtained through a generalization of the original Coleman- Weinberg mechanism ||48|| . Ra- 



diative breaking also has the advantage, when combined with some additional plausible 
assumptions, of being very powerful since it excludes large regions of parameterspace as we 
will see. This takes part in increasing the predictiveness of the model. Now we will work 
out the Coleman- Weinberg scheme for our supersymmetric field theory. 



In SUSY-theories, one has two kinds of potentials — superpotentials and scalar potentials. 
Superpotentials have been discussed earlier in this thesis, so in consequence we now consider 
the scalar potential, which has its analogy in the SM. 

Contributions to the MSSM scalar potential, Vmssm, arise from three sources — the auxil- 
iary F- and D-fields and the soft terms. We write 

Vmssm = Vd + Vf + Vsoft, (3.1) 
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whereQ Q 



and 



D 



9 2 



DT a L + H\T a H 1 + H ] 2 T a H 2 ) ( L ] T a L + E\T a E x + H ] 2 T a H 2 



+ ^- ( DL - 2&R + H\H X - H\H 2 

~£aux-F 

/i 2 hIh x + /j 2 h\h 2 + /// f #|l r + Dh 2 r! 



+ f 



L^L R ] R + HlHi [L ] L + F$R) - H[L [H{L 



Soft 



—£>SMT 

Ml L ] L + m 2 R R ] R + m\E\R x + m 2 2 H ] 2 H 2 
- m 2 3 e lj (H\H 3 2 + /i.e. 



(3.2) 



(3.3) 



(3.4) 



Now we leave this general scalar potential, and instead consider the pure scalar Higgs 
potential because it is this potential which is of interest in the discussion of gauge symmetry 
breaking. 



3.1.1 The Scalar Higgs Potential. 

Thus, for the pure Higgs sector of the theory, the (tree-level) scalar Higgs potential V = 
Vmggs readsQ according to eqs. (p. 1|) — 



V = (m\ + /i 2 ) H\H l + (m 2 + /i 2 ) HlH 2 - m 2 e ij (H{H 3 2 + h.c) 

2 

+ z- {H\T a Hi + H ] 2 T a H 2 ) (HlT a H x + H 2 T a H 2 



(3.5) 



However, in appendix [E] this potential is rewritten for later convenience, and the result is 
(cf. eq. O) 



V = m\R\R x ^m 2 2 E\E 2 -m\e i3 {E\Ei^h.c) 

+ Ug 2 + g' 2 ) {h\H\ - h\h 2 ) 2 + 1- \h\h 2 



(3.6) 



1 Generally can D' — > D' + £, where £ is a Fayet-Iliopoulos term (42J , but we will henceforth assume that 
this term is neglectable. 

2 Note that it is —Vmssm which appears in the Lagrangian. 

3 This potential is a special case of the general two-Higgs doublet potential |f9L M. 
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Here we have taken advantage of the arbitrary nature of the soft mass-parameters m\ and 



rn 



2- 



and absorbed yr into these, i.e. 



m 1 + ii 

2 2 

m 2 + /i 



ml, 



Without loss of generality, we may choose the phases of the (scalar) Higgs fields in such 



a way that all mass parameters irq 



1, 2, 3) are real and that the vacuum expectation 



values (v.e.v.'s) of the Higgs fields are non- negative. As in the Standard Model (SM), 
the SU{2) x £7(1) gauge symmetry has to be broken down to U{1)em- This means that 
electromagnetism is unbroken and hence the charged components of the Higgs-doublets can 
not develop non- vanishing v.e.v.'s. Hence 




(Hi) 



(H 2 ) = 

and the potential becomes at the vacuum 

t t 22, 22 r>2 1 / 2 i /2 

V = m 1 v 1 + m 2 v 2 — 2m 3 v \v 2 + - \g + g 

For this potential to be bound from below, e.g. in the direction vi 
careful and demand 



B 



2 i 2 

m 1 + m 2 



2m z 3 > 0. 



(3.7) 
(3.8) 

(3.9) 

t>2, one has to be 
(3.10) 



This relation will hereafter be referred to as the stability condition. 



From the SM Higgs-mechanism, it is a well-known fact that when the Higgs v.e.v. is non- 
vanishing this signals breaking of the SU(2) x £/(l)-symmetry because origo is "unstable". 



This situation applies equivalently well to the two Higgs doublet model [§!|, p0[ . However, 
what demands do we have to make in order to obtain non- vanishing v.e.v.'s? As long as 
V m i n is non-negative, the minimum (V m i n = 0) lies at the origo, i.e. at v i = t>2 = 0, and 
the gauge symmetry is unbroken. Thus K™„ has to be negative to obtain breaking of gauge 
symmetry. 

Now we will derive a condition on the mass parameters for this to happen. Rewriting 
eq. ( p.9|) yields 



(3.11) 



where 
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Since M 2 is a symmetric matrix, the following is true for the quadratic form v T A4 2 v 

A_ |v| 2 < v T M 2 v < A + |v| 2 . (3.12) 
Here A± are the eigenvalues of M 2 given by 



A± = — (yTn\ + m\ ± y (mf + m^) 2 — 4 {m\m\ — mf^j 



(3.13) 



and the norm |v| is taken relative to the inner product space M 



Since the last term of eq. (ft.llj) is non-negative, the quadratic form v T Ai 2 v has to be at its 
minimum value in order to get a minimum of V, i.e. 

v T M 2 v = A_|v| 2 . 

Hence in order for V m i n < we must have A_ < 0, something which implies 

det M 2 = m\m\ - m\ < 0. 



(3.14) 



Thus if eq. ( |3.14[) , in addition to the stability condition ( |3.10|) , are satisfied, this signals 
SU(2) x £/(l)-gauge symmetry breaking. Later on this will be demonstrated explicitly. 











m\ + m\ - 


- 2 \m\\ 


2 2 

/ m\m2 — 


^^^^ i 

/ 1 


Instability/ 


SU{2) x 


U(l) breaking / 


/ I 
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/Qs 




/Qc 
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Figure 3.1: The figure shows B and det Ai as functions of scale Q. The various sectors where 
SU(2) x £7(1) is broken in a satisfactory/unsatisfactory manner are also indicated. 



When condition ( |3.14[ ) is satisfied, the neutral components of Hi and H 2 start to develop non- 
vanishing v.e.v.'s (v\,V2 7^ 0). Now we will derive some useful relations, and an expression 
for the potential at its minimum. At V m - m , the potential has to fulfil the equations 9Vmin — 



dv2 



and 



d 2 V m 



dvi 



dvidv2 



> 0. This yields the following relations 



2 2 I / 2 i /2 

m x v x - m 3 v 2 + ^{g +9 



(3.15) 
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m\v 2 — m\v\ 



-2m{ 



J2 



v 2 



g z + g' z Vl v 2 > 0. 



(3.16) 
(3.17) 



By multiplying eqs. ( |3.15|) and ( |3.16| ) by v i 1 and v 2 1 respectively, and then adding and 
subtracting the resulting equations, we obtain 



2 i 2 

m l + m 2 



ml (tan (3 + cot (3) 
-2 

m\ — m\ 



g 2 + g' 2 

-2 

1F+7 2 



(ml + 



in. 



tan (3 — cot (3 



where 



2 1 tan (3 + cot f3 
m\ — ml + (m\ + m^J cos 2(3 



tan (3 = — . 

Vl 



Here the angle (3 is a new parameter of the model and since f i, v 2 > we have 



7T 



< /3 < -. 
_ p _ 2 



(3.18) 



(3.19) 



(3.20) 



(3.21) 



With eqs. ( |3.15| ), ( |3.16| ) and ( |3.19| ) the minimum of the potential can be written as 



2(9 2 + g' 2 ) 



(ml — ml^j + (ml + m^J cos 2(3 



(3.22) 



All the parameters of the model have a functional dependence on the renormalization point[] 
Q. This in particular applies to the mass parameters m 2 {i = 1, 2, 3) and thus to det M. 2 {Q). 
To proceed, one has to take the complicated (coupled) renormalization group equations 
(RGE's) into account. This we will not do here, but only refer the interested reader to the 



literature ||47|| . The rest of the discussion of this section will be kept on a qualitative level. 



At the Planck scale, Mpi, condition Q3.14 ) is not fulfilled, and hence the critical scale 
reads detM. 2 {Q c ) = 0, where Q c < Mpi. Below Q c , non-vanishing Higgs v.e.v.'s start to 
develop, signalling SU{2) x £/(l)-breaking as discussed earlier, but only as long as B(Q) > 0. 
However, for some particular scale Q s < Q c , B(Q S ) < is driven negative and for Q < Q s 
one is in an instability region where SU(2) x U(l) is broken in an unsatisfactory manner. 
Our picture is recapitulated in figure |37T] for various scales Q. 

Note that in the supersymmetric limit, where all (soft) mass parameters of Csoft are set equal 
to zero, det M 2 = and no electroweak breaking is possible in view of condition ( |3.14| ). So, 



4 This Q-dependence may for instance come from the renormalization-group-improved tree-level potential 
which incorporates the large logarithmic corrections proportional to a log (Mqut IQ)- Here Mqut is a grand 
unification scale. 
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in our model the gauge symmetry breaking is connected to the breaking of supersymmetry, 
as we already have noted several times 5 . 

Before we close this section, we will make one final comment. Instead of our naive use of 
the tree-level scalar potential P-6|), we should have used the full one-loop corrected effective 
potential 

Vi(Q) = V(Q)+AV(Q). 

Here AV is the one-loop radiative correction to the scalar potential and in the leading 
logarithm approximation it reads 

av( Q ) ~ m >gpsp:) 2 , 

where mt is the top-quark mass and Mqut some super-high unification scale. By choosing 
a low renormalization scale, one gets substantial contributions from AV. Until recently, it 
was believed that the large logarithmic terms could be reabsorbed into the soft parameters^ 
of V(Q), and in consequence, AV only contained small logarithmic corrections. However, 
this only applies to so-called field independent radiative corrections. For the field dependent 
corrections we still can get substantial contributions as explained e.g. in ref. |52| . 

Even though the scalar potential can receive large corrections from AV^, the use of the tree- 
level potential V(Q) is adequate for our discussion. Furthermore, it simplifies the discussion 
enormously. 



3.2 The Physical Higgs Boson Spectrum. 

In the previous section we derived the condition for electroweak symmetry breaking. Hence- 
forth we will assume that these conditions, i.e. eqs. ( 3.10 ) and ( 3.14 ), are fulfilled, and show 



that this implies the correct symmetry breaking pattern. 

In the SM one starts by expanding around the Higgs v.e.v.'s and identify the new state 
as the physical state. However, by performing the same scheme for the MSSM, these new 
weak interacting eigenstates do not represent physical (mass) eigenstates, as we will see. So, 
before we proceed, we will work out the physical Higgs boson states. 

The physical eigenstates are obtained by diagonalizing the Higgs boson mass-square matrix. 
This is most easily done in a real basis where 



5 It is possible to construct non-minimal models |23) where the Higgs-sector is enlarged by an SU (2) x 
[/(l)-gauge singlet and where the gauge-symmetry and SUSY can be broken separately. 
6 Recall that the soft parameters in our theory are arbitrary. 
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Ho 



h 5 + ih G 
h 7 + ih 8 



In this basis the scalar (Higgs) potential (|3.6| ) reads 



(3.24) 



V(hi 



ml E + m 2 E ^ — 2m\ {h\h-j + h^he — h 3 h 5 — /i 2 /ig 



i=l 



i=5 
4 



-. 2 



U=l 



i=5 



+ y (^A + ^2^6 + ^3^7 + /i4^s) 2 

+ y (^A + hh 8 - h 2 h 5 - /i 4 /i 7 ) 2 



(3.25) 



From this potential it is apparent that the Higgs field basis that we are working in can 
not be a physical basis since it contains off-diagonal mass terms. Thus we are forced to 
transform to a mass-eigenstate basis, and the method which we will apply, is described in 
detail in ref. f|9] for a general two doublet model. 

The physical Higgs boson states are obtained by diagonalizing the Higgs boson mass-square 
matrix 7 given by |49| 



Mf, 



d 2 V 



2 dhi dhj 



(3.26) 



mm 



Here the term "min" means setting (hi) = (h 7 ) = t> 2 and (hi) = for all other i's. Note 



from eq. ( 3.25 ) that the "mixed" second order partial derivatives of V(hi) are continuous 



a 2 v 

d hid 



d 2 V 
dhjdhi>i 



implying a symmetric mass-matrix, i.e. M l7 - = M^. 



and thus equal (i.e. 

Now, the different parts of the Higgs sector will be analyzed in detail, and this will be the 
aim of the next three subsections. 



3.2.1 The Charged Higgs Sector; Indices 3, 4, 5 and 6. 



With eqs. (|3.25D and Q3.26|) the Higgs boson mass-square matrix is easily calculated. Observe 
that the real and imaginary sector decouple i.e. 



Mi 



5fi 



M, 



54 



M. 



:-!() 



M, 



34 



0. 



The remaining mass-square matrix components read 



Mi 



-, r > 



m 



2-- A [9 



I2\ ( 2 2\ i 1 2 2 

+ 9 ) [Vi ~ v 2 ) + -g v 1 



7 The factor of | in front of definition (3.26) stems from the normalization of the scalar fields in eqs. ( p. 23 ) 
and ( [Ol ). 
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M l = m l + ^9 2 VlV 2 




Ml ml + \(g* + g >*)(vl-vi) + \<?vl 




and 



Ml 


= Ml, 


Ml 


= Ml, 


Ml 


= -Ml 



(3.27) 



Here eqs. ( J3.15| ) and fl3.16| ) have been taken advantage of in eliminating the mass parameters 
m\ and m\. Hence in the basis's (h 5 ,h 3 ) and (— h 6 , h 4 ), the charged Higgs mass-square 
matrix readsQ 

Ml = -(g 2 + ^i) ( V * V ^ ) . (3.28) 

To obtain the physical charged Higgs states and their masses, one has to orthogonal diago- 
nalize f\ the matrix since physical states always are orthogonal to each other. Note that 
Ml always will be orthogonal diagonalizable because it is symmetric |)T . 



By calculating the eigenvalues and the corresponding set of orthonormal eigenvectors, the 
charged mass matrix Ml can be written in the form (tanf3 = v 2 /vi) 

Ml = ( - Sin f C ° S ^ )(! ° 2 )( - Sin / C ° S ^ ) , (3.29) 
* I cos/3 sin/? M m z H± I \ cos p sin p I y ' 



where 



m\ ± = ^{9 2 + ^){vl + vt), (3.30) 



is the mass-square of the physical charged Higgs-bosons. Note that by this diagonalization 
procedure, two massless and two massive states have appeared. The mass-zero states will 
be associated with Goldstone bosons, as we will see in a moment. 



8 The particular sign of the basis {—Hq, /14), owing to the appearance of the sign in eq. ( 3 . 27f ) , is chosen 
such that the two mass matrices coincide with each other. 

9 Recall that an orthogonal diagonalizable n x n-matrix A always can be written in the form A = PDP^ 1 , 
where D is given by D — diag ( Ai A2 ... A„ ) , and P is the orthogonal matrix containing the eigen- 
vectors in the following way P = ( Vi v 2 ... v„ ). Here (Ai,Vi) are corresponding sets of eigenvalues 
and eigenvectors. 
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After completing the diagonalizing procedure, the mass terms for the charged Higgs-bosons 
in the Lagrangian can be written in the following way 

hz, \ f , , \ , r o I —hp. 



Here 



and 



2 -"6 



(h 5 h 3 ) Ml ( 2 ) + ( ^ ) M 

f 2 



( /i 5 + ih 6 h 3 - ih 4 ) Ml ' h5 lh& 



{hi hV)m_ 



2 n 2 



± 1 Hi , 

-Hi sin/? + Hi ] cos (3 V ( W -H\ ] sin/? + #f cos/? 
Hi cos (3 + Hl ] sin (3 J \0 m 2 H± J \ Hi f cos (3 + # 2 sin (3 



( G + H^ 



\ / G' 
m|± ) 1 H 



G~ = Hi cos [3 - Hl ] sin 13, (3.31) 
H~ = Hi sin (3 + Hl ] cos/?, (3.32) 



= (/T 

where G are the charged Goldstone bosons while H are the charged Higgs bosons. 
This completes this subsection. 



3.2.2 The Neutral Higgs Sector; Indices 2 and 8. 

In the previous subsection we saw that the charged Higgs sector decouples into a real and 
an imaginary part. This is also the case for the neutral Higgs sector as the reader may easily 
verify by showing that Mfj = for % = 1, 7 and j = 2, 8. This owing to the fact that our 
theory is CP-invariant. We start the discussion with the imaginary (CP-odd) sector, and 
consider the real (CP-even) part in the next subsection^. 

Proceeding as in the previous subsection the mass-square matrix becomes 

ml ( vf v x v 2 \ 

ViV 2 \ VlV 2 v\ J 

10 The various CP-assignments can be obtained by e.g. studying the interactions of (neutral) Higgs- and 
gauge-bosons. 
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in the basis (hs, h 2 ). By diagonalizing this matrix, which is identical to that for the charged 
sector, the physical mass eigenstates are obtained as follows 



^-U h 2 )( vl v ^)( J 8 



-hs sin (3 + h 2 cos (3 \ ( \ / — h 8 sin/5 + h 2 cos/3 
hs cos f3 + h 2 sin /3 i I m^ i I /i 8 cos [3 + h 2 sin /? 



( 



Ql El )( 




3 



Here 



G° = V2(h 2 cosf3 - h 8 sm(3) 

= y/2 (im Hi cos /3-ImH% sin /3) , (3.33) 

# 3 ° = \/2(/i 2 sin/3 + /i 8 cos/3) 

= v 7 ^ (im ^sin/? + Im# 2 2 cos @) , (3.34) 



where G° is a Goldstone boson (in this case neutral), and H® is a neutral Higgs boson. The 
mass of the Higgs boson is0 



m m 



2 _ m 3 



V\V 2 

= m 2 H ±-m^. (3.35) 

The factors of v2 are inserted in order for these fields to have the conventional kinetic 
energy terms. 



3.2.3 The Neutral Higgs Sector; Indices 1 and 7. 

After completing the diagonalizing of the neutral imaginary sector, we will now consider the 
corresponding real sector. For this sector the mass-square matrix reads 

relative to the basis (hi, h 7 ). Here we have introduced the abbreviations 

A 1 ( 2 , I2\ 2 i 2^2 



2 V ■ - 7 * ■ * Vl 

B = -- (^ 2 + 5 /2 )^2-^, 

1 / 2 i /2\ 2 i 2^1 



11 In sect. [T3| we will show that the W- and Z-mass are respectively given by = \g 2 [y\ + ) and 
™l = \{9 2 +9 12 ) (v\+vl). 
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and we notice that A, C > and B < 0. Also here eqs. ( |3.15| ) and ( |3.16| ) have been used to 
eliminating the mass parameters m\ and m\. 

The orthogonal diagonalization scheme for this sector is not as straightforward as above. 
Accordingly some more details will be given. The eigenvalues of Mq read 11 



A + C ±J(A-Cy + AB 2 



m 2 H o + m\ ± 



171%) — 4m|m^. cos 2 2/3 



(3.36) 



where the positive (negative) sign is associated with m 2 rr (m 2 rr ). The corresponding eigen- 

1 2 

vectors are0 



Vi 2 



1 

-(A-C)±y/(A-C) 2 +4B 2 
2B 



(3.37) 



Here Aq 2 are normalization constants. 



As will become clear soon, it is useful to introduce the mixing angel a (not to be confused 
with the fine structure constant) defined by 



sin la 



IB 



(A - cy + AB 2 

2 
H 



sin 2f3 



m 2 „ + m 2 H o 



2 2 



cos 2a 



A-C 



(A - C) 2 + AB 2 

cos 2(3 



m 2 H o - ml 



2 2 



From the mathematical identities sin 2a = 2 sin a cos a and cos 2a 
easily obtains the second order equation 



cos 2 a — sin 2 a, one 



x 2 + 2 cot (2a) x - 1 



0. 



where x = tana. This equation generally has two distinct solutions. However, earlier we 
have chosen v±,V2 > or equivalently < @ < |, something which according to ref. [53 
implies that — | < a < 0. With this constraint in mind, one can uniquely solve for x, and 
the result is (remember that B < 0) 



tana 



- (A - C) + V (A - C) z + AB 2 
2B 

12 Here Vi and v 2 correspond to the eigenvalues m„ and m 2 „ respectively. 

43 



(3.38) 



and by inversion (and some algebra) 



cot a 



(A-C) + y/(A- CY + 4B 2 
2B ' 



(3.39) 



By comparing eqs. ( |3.38| ) and ( |3.39| ) with eq. ( |3.37| ), we see that the second component of 
v i ( v 2) can up to a sign be identified with tana (cot a). The mixing angle, a, was defined 
in order to obtain this. 

Thus we choose Ni = cos a and N2 = — sin a in order to obtain an orthonormal eigenvector 
set, and the mass-square matrix of the real neutral sector takes on the form 



Ml 



cos a — sin a 
sin a cos a 




cos a — sin a 
sin a cos a 



(3.40) 



The corresponding mass terms of the Lagrangian now become 
( h\ h 



Ml 



h 7 



hi cos a + /^sina 
-h\ sin a + h-j cos a 



m 




hi cos a + h-j sin a 
-hi sin a + h-j cos a 



(3.41) 



When we now proceed by identifying the physical Higgs states H® and H®, we have to be 
careful. The reason is that these states, as any physical states, have to have zero vacuum 
expectation values. Hence we make the following identifications 



+ v\ cos a + v 2 sin a 



—j= — v\ sm a + v 2 cos a 



hi cos a + h 7 sin a, 
—hi sin a + h-j cos a, 



or equivalent ly 



Hi = V2 - [ReHl - vi j ana 



— cj ] cos a + (ReHl — t> 2 ) sin a 

+ (Re Hi — v 2 j cos a 



(3.42) 
(3.43) 



This concludes this section. 



3.2.4 Conclusion and Comments. 

In the three previous subsections the physical content of the Higgs sector of the MSSM was 
obtained. It is the charged Higgs bosons (H^, the neutral Higgs bosons^ (Hf, i = 1,2, 3) 
and finally the charged (G ) and neutral Goldstone bosons (G°). 

13 Some authors use the notation if , ft, and A Q instead of our if , if and if . 



44 



The new fields in terms of the "old" are given in eqs. ( ff^TD , ( ggg ), ( gg3| ), ( gg§ , ( ggg ) and 
(|3.43|) . However, in order to give the Lagrangian in terms of the physical fields, we have to 



invert the above relations. The results, obtained by straightforward calculations, are 

/ Vl + ^=[H? cos a- H$ sin a + iH$ sin /3 + iG° cos /3] \ 
1 ~ { H-smf3 + G-cosf3 ' J' ( } 

_ /tf+cos/3-G+sin/3 \ 
U2 ~ [ v 2 + ^ [Hfwia + H°cosa + iHl cos/3 - iG° sin 0] J ' ^ 40J 



By inserting these expressions into the Lagrangian Q2.64 ) the interactions (and Feynman 
rules) of the physical Higgs bosons can be obtained. 

From the formulae for the Higgs-masses obtained earlier, eqs. ( |3.28| ), ( |3.35| ) and ( |3.36| ), it 
is interesting to note that in the limit m H o — > oo (fixed tan/5), H ± , (and H®) decouple 
from the theory, and thus the Higgs-sector contains only H®. In this limit, it is possible to 
show that if° is identical to the Higgs of the (minimal) Standard Model. 

It should be noticed that the Higgs-masses obtained in the previous subsections are tree-level 
formulae. They fulfil the following relations 

m H ± > M w , 
m H o < m z < m H o, 
m H o > m H o. 

Since m H o < mz (at tree- level) it is believed, due to the interaction picture of H® , that 
could be produced and hopefully detected at LEP. No Higgs has ever been seen and this 
may seem like a problem. Thus it came like a relief to many physicists when it recently was 
reported (see subsect. p.l.ip that the MSSM Higgses could get radiative corrections as 
large as O (100) GeV. This at once may push the mass of far above that of the Z-boson 
(and outside the LEP 1 discovery range). These large radiative corrections also have the 
implications |54j], due to the unsuccessful Higgs searches at LEP 1, thatQ 

tan/3 > 1, (3.46) 

in the context of the MSSM. 



3.3 The W-, Z- and Lepton Mass. 

In this section we will give an illustrative demonstration (and a control for the sceptic one) 
of the fact that our gauge symmetry breaking scheme is capable of "producing" masses of 
the W- and Z-bosons and the (charged) leptons. 

As for the SM case, we will make use of the gauge freedom of the theory and transform to 
the unitary gauge. This consists of setting the Goldstone fields of eqs. ( |3.44|) and ( |3.45| ) to 
zero, but it will have no practical implication for our discussion. 

14 It is usual to let tan/3 varies in the range 1 < tan/3 < 50. 
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3.3.1 The W- and Z-Mass. 



From the Lagrangian (|2.64j) (after symmetry breaking) we pick the following terms 

Vl Z» \ ] ( v x Z u 

2 cos # w x 1/2 cos ^ A 1 



+ 



-^-v 2 Z u 

2 cos &Tff z I \ 2 cos ti^j z A 1 



,2 



4 cos 2 6 



where vi = ( V\ ) and v 2 = ( f 2 ) . 
Hence the Z- and W-mass can be identified as 

f 
2 



'"w = ('T • ''2) • (3-47) 



ml = ^(^i) - i + + 0.48) 



which is consistent with the results from the SM. 

Note that with the above results vf + v \ is fixed by the W-mass. 



3.3.2 The Lepton Mass. 

Now the lepton mass will be paid attention. The piece fe^ RL l H{ + h.c, stemming from 
the Yukawa piece of the superpotential, gives raise to the lepton mass as we now will see. 

With Hi given by eq. (|3.44| ), fe^ RL % H{ + h.c. contains the following terms 

-fRL 2 Vl + h.c. = -fa(l R l L + l L l R ) 
= -fa(lP L l + lP R l) 
= -fall. 

Hence, we can make the identification 

mi = fa, 

and as in the SM, we notice that the lepton mass is undetermined by the theory. 
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For later use we observe that the Yukawa coupling f can be written as 

gmi 



\^2m w cos (3 



(3.49) 



3.4 The Physical Slepton States. 



The Lagrangian ( 2.64 ) contains off-diagonal mass terms for the sleptons in the basis (II, Ir). 
So, also here we have to perform a diagonalizing procedure to obtain the physical mass 
eigenstates, and hence we have 

VEZ = -^2fe-^2fe-/% 2 pjx + fe) 
,2 ft 



mi V L l L - m\ PJ R 

m 2 L + pv\ 



- ( A A 



m\ + j 2 v\ 



II 
Ir 



By diagonalizing, one obtains the mass eigenstates (in the usual way) 



h 



II cos 9 + Ir sin 9, 
1 1 sin 9 — Ir cos 9, 



withF] 



tan26> 



2jifv 2 



2/j.mi tan f3 



(m 2 L - m 2 R ) 



ml 



m 



2 \ ' 



and masses respectively given by 



m 2 + 



(ml + m 2 R ) ± \/(ml-ml) 2 + 4/i 2 / 



2 f 2 V 2 



(m 2 L + m R ) ± y (m| — m R ) 2 + Ajj?mf tan 2 /3 



(3.50) 



Unfortunately, there do not exist much information about the parameters contained in the 
slepton mass matrix. All the same, we will assume maximal mixing, i.e. 9 = tt/4 or 



m, 



2 ~ 2 

m R = m . 



(3-51) 



A motivation for this choice can be taken from supersymmetric QED where this choice is 
made in order to keep parity unbroken. 



15t 



Notice from eqs. ( ^20| ) and ( ^49| ) that fv 2 = fv^ = m ; tan/3 
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Hence 



and 

™2 , 2 



This concludes this section. 



h = ^ (3-52) 
h = (3.53) 

M- w ~ h = m 2 + m] ± m l tan f3. (3.54) 



3.5 Chargino and Neutralino Mixing. 

The gaugino-higgsino sector of the theory also contains off-diagonal mass terms, as easily 
seen from the Lagrangian ( |2.64| ). To obtain mass-eigenstates the now familiar diagonaliza- 
tion procedure has to be performed, and the resulting mass-eigenstates are called charginos, 
X^, and neutralinos, x°. The discussion of these states will be the aim of the present section. 



3.5.1 Chargino Mixing. 



Charginos \t = 1)2), which arise due to mixing of Winos, W , and charged Higgsinos, 
H ± , are four component Dirac spinors. Since there in principle are two independent mixings, 
i.e. (W~ , H~) and (W + , H + ), we will need two unitary matrices in order to diagonalize the 
resulting mass- matrix [p5|]. 



From the Lagrangian ( 2.64 ) we pick the terms 

C^ ss = -g Vl WP R H - g Vl HP L W - gv 2 HP R W - gv 2 WP L H 
+ fiHH + M W WW, 
which in two-component form reads 



■•mass 



By introducing the notation 



v^ 2 Hi X + + v 2 X~ip 1 H2 ] + n ipH^k ~M\-\ + + h.c. 



-iA+ 

1>h 



1>- 



and 



(3.55) 
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eq. ( p.55| ) takes on the form 
Here 

X T 



Y± = [ x ' ' (3 ' 56) 



with 



X = ( /- M „ -^wsin/3\ 
\ — V2m w cosp fi J 

Now, two-component mass-eigenstates can be defined by = 1,2) 

Xt = (3.58) 
XT = C^7, (3.59) 

where U and V are unitary matrices, chosen in such a way that 

U*XV* = Mp. (3.60) 

Here M% is the chargino mass-matrix. Since we have assumed CP-invariance of our theory, 
this in particular holds for the chargino sector. Thus the chargino-masses will be real and 
non-negative^ Furthermore, the two-component spinors of eqs. ( |3.58 ) and Q3.59 ) can be 
arranged in (four-component) Dirac-spinors as follows^: 

Xi = (f-j, i = l,2. (3.61) 



The Lagrangian ( |2.64 ) is given in terms of the non mass-eigenstates W and H, because 



it leads to simpler expressions for the interaction terms. In converting to the (physical) 



16 It is possible to show that the masses read 

m| x = a + Vb, 
M l = a-Vb, 



where 



1 



2 

B = - (M 2 - n 2 ) 2 + ?r4 cos 2 (2/3) + m 2 v (M 2 + /x 2 + 2/xM sin (2/3)) 



17 In what follows, we will use the abbreviation x — X + ■ Hence \ c = {x + Y — X is a negatively charged 
chargino. 
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charginos, the following relations are useful 

P L W = P L V£xi, (3-62) 

PrW = P R U n Xu (3-63) 

P L H = P L V^Xi, (3-64) 

P R H = P R U i2 Xi. (3.65) 

Here, repeated indices are summed from 1 to 2, and, as usual, Pl and Pr are (projection) 
operators projecting out the top two and bottom two components of a Dirac-spinor. These 
relations are easy to prove with eqs. ( p.58|) , Q3.59|) , ( |3.61| ) and the unitarity of the matrices 
U and V. We will now demonstrate it for eq. (|3.62|) . 



Proof : With eq. ( [2,46 ), the left-hand side of eq. ( |3.62| ) reads 



By pre-multiplying eq. ( |3.58| ) with V* k (i,k = 1,2), and using the unitarity of V, we 
obtain 

v* k xt = vz&rtt = 6 ^t = ^t- 

Hence 



and by comparing this result with eq. ( 3.66 ) the proof of eq. ( |3.62| ) is competed 



In the same way the following relations for the charge-conjugated fields are obtained 

P L W C = PlU*^, (3.67) 

PrW c = P R VaXi, (3-68) 

P L H C = P L U* 2 xl (3.69) 

P R H C = PrV^. (3.70) 

Observe that by hermitian conjugation, two corresponding sets of equations, like for instance 
WPr = VnXi Pri can be obtained. 

By this observation we conclude this subsection, and instead consider neutralino mixing. 
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3.5.2 Neutralino Mixing. 



Neutralinos (Xi > * = 1, • - • , 4) are Majorana-spinors arising due to mixing of photino, zino 
and neutral higgsinos. 

The appropriate mass-terms are 

r { Vl ZPrHx - v 2 H 2 P R z) + h.c. 



fmass 



COS 

1 -„ „ 1 ^ 1 

+ -M A + -M^ ZZ + - [M z - M A ) tan 26 w AZ, 



and in two-component form they read 

[vi \z^ l Hl - v 2 Xz^h 2 } - // 



77 H±H 2 — 77 H 2 H\ 



pmass 
L X° 



V2cos6 



H2 



W 



- -M i A A A A - -M^ A z Az - - (Af$ - M A ) tan 2# w A A A Z . 



In the basis 



( -i\ A -i\ z i) l Hl ip 2 H2 y 



eq. ( p.71| ) can be written in the form 



fmass 



- U ) 7 rV + h.c, 



(3-71) 



(3.72) 



(3.73) 



where Y° reads 
/ 

F° = 

V 

(3.74) 

Note that Y° is symmetric, something which has to do with the Majorana nature of the 
neutralinos. In consequence, only one unitary matrix N is required in order to diagonalize 
Y°: 



M A 


\ (M z - M A )ttm26 w 








\ 


M A )tan26» w 


M z 


— m z cos (3 


m z sin p 







—mz cos (3 












mz sin f3 







/ 



Ml 



N*Y°N^ 

Here Mp is the diagonal neutralino mass matrix[5 

As in the previous subsection we define two-component mass-eigenstates by 



(3.75) 



hj = 1,...,4, 



(3.76) 



18 Also here the matrix N may be chosen in such a way that the elements of are real and non-negative. 
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but in this case we arrange them in (four-component) Majorana spinors defined by 



A i 



The relations corresponding to eqs. (|3.62|) - (|3.65|) read 



PlA 


= PlN*^, 


PrA 


= PrNuxI 


PlZ 


= p l n; 2 xI 


PrZ 


= PrNvx" 


PlH 3 


= P L N* j+2 Xi 


PrH, 


= PrN^xI 



1,2, 



(3.77) 



(3.78) 
(3.79) 
(3.80) 
(3.81) 
(3.82) 
(3.83) 



and they are obtained in the same fashion. Here repeated indices are assumed to be summed 
from 1 to 4. 



3.6 Concluding Remarks. 

In the previous chapter the full four-component Lagrangian for our supersymmetric elec- 
troweak theory was established. Furthermore, we in this chapter introduced the physical 
states and described the gauge symmetry breaking which gives masses to the gauge bosons 
and the charged leptons. 

With these elements at hand, one can in principle calculate any process contained within 
this minimal electro-weak theory. 
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Appendix A 

Notation and Conventions 



A.l Relativistic Notation. 

In this report we will adopt standard relativistic units, i.e. 

h = c=l. (A.l) 
A general contravariant and covariant four-vector will be denoted by 



A" = (A ; A 1 , A 2 , A 3 ) = (A ; A) \ 
A, = (A ;A 1 ,A 2 ,A 3 ) = (A ; -A) J" 



(A.2) 



The compact "Feynman slash" notation 

4 =7"4» ( A - 3 ) 

will be used. The metric tensor, g^ u , which connects A^ and A^, is defined by 

gT = diag (1,-1, -1,-1). (A.4) 

Moreover, we will use the (relativistic) summation convention which states that repeated 
Greek indices, /i, z/, p, a, r, are summed from to 3 and latin indices run from 1 to 3 unless 
specifically indicated to the contrary. 

The Minkowski product (the four-product) will be denoted by AB and defined as 

AB = A^B^ = A°B° — AB (A.5) 
Practical notation for the four-gradients, <9 M and <9^, will be used 

S " s £- = ( S : - n <A ' 6) 
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The totally antisymmetric Levi-Civita tensors in three and four dimensions are respectively 
defined by 



+ 1 , for even permutations of 123 
— 1 , for odd permutations 
, otherwise, 



(A. 



where 



- [11/ pa 



+ 1 , for even permutations of 0123 
— 1 , for odd permutations 
, otherwise, 



'ijk 



^ I it' fin 



pupa 



(A.9) 



(A.10) 
(A.11) 



A. 2 Pauli Matrices. 



The well known Pauli matrices are defined by 

( 1 \ n / -i 



a 



V 1 o/' 

and satisfy the commutator relation 



a' 



i 



o 



1 \ 

o -l r 



i,j,k = 1,2,3. 



From this definition it is evident that 



(a*)t 

J\2 



a 



i = 1,2,3, 



\a'f = 1, 
Tr^o*) = 0. 

For later use, we also introduce^ 



1 
1 



and a useful arrangement of these matrices is 



o*= {o°;a) = (o°; o\o 2 ,o 3 ). 



1 Notc that different signs are used in the literature for the definition of this quantity. 



(A.12) 



(A.13) 
(A.14) 
(A.15) 



(A.16) 
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The index structure of the cr-matrices is given by 

= Kal (A- 17) 

We now introduce some "Pauli related" matrices defined by 

where the "metrics" e and e have been used. By direct computations one can establish the 
following relations 

a = a (A.19) 

a 1 = -a\ z = l,2,3. (A.20) 

Moreover, the following relations are true 

= 26i6i (A.21) 

Tr{a^a v ) = 2g^ (A.22) 

{a"a u + o"a*)£ = 2g fU/ 8^ (A.23) 

(ffV + aV)'* = 2g IJV 6 & (A.24) 

(ZffV + aW) = 2 (g^a p + g vp a" - g^a") (A.25) 

(a p a u o p + o p o v a p ) = 2 (g pv a p + g vp o p - g pp o v ) (A.26) 

Tr(a p a u a p a a ) = 2 {g pv g pa + g pa g vp - g w g va - ie pvpa ). (A.27) 

Most of the above relations are easily proved by direct computations. Besides, Miiller- 



Kirsten and Wiedemann [33, subsec. 1.3.5], have proved most of them, and in particular 



eq. (|A.27| ) which is the most difficult one. 
Anti-symmetric matrices a pv and a pv are defined by 

= % -(o p o v -o v a p ), (A.28) 

a pv = l -(a p a v -a v a p ). (A.29) 

By utilizing the index structure of the a-matrices, it is easily seen that o pv and a pv must 
have the index structure a pv = {{cr pv )^} and a pv = K^ 1 / „]■ In fact are a pv and a pv the 
generators of SL(2, C) in the spinor representations (~, 0) and (0, ~) respectively. The proofs 
together with the establishment of the below formulae can be found in ref. 

o pv = \f vpa ° P <^ (A.31) 
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Tr(a" v ) 


= Tr(a^) = 


Tr(a^a pa ) 




Tr{a pu a pa ) 





<V, (A.32) 

= (A.33) 

- 9^9^) + \e pvp \ (A.34) 

- g^g up ) - % -^ vpa . (A.35) 
A. 3 Dirac Matrices. 

The Dirac 7-matices are defined by the anticommutation (Clifford) relations 

{7", 7"} = 2<T. (A.36) 

From the four 7-matrices above, it is possible to define a "fifth 7-matrix" by 

75 = 7 5 = 2 7 °7 1 7 2 7 3 (A.37) 
It possesses the following properties which follows easily from the definitions ( |A36| ) and 

(EH 



{7 5 ,7 M } = 0, (A.38) 
( 7 5 ) 2 = 1. (A.39) 

We will now state three explicit representations of the 7-matrices, namely the so-called 
Dirac representation, the Majorana representation, and finally the Chiral representation. 



A. 3.1 Representations 

The lowest non-trivial representation of these matrices is of dimension four, and we will 
concentrate on this represntation. From now on, we will assume that a four dimensional 
representation is used. 



The Dirac Representation or Canonical Basis. 

In this particular representation the 7-matrices read 

7 - I .. ; I. (A. 10) 



1 








-1 







a' 






7* = n > * = 1,2,3, (A.41) 
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✓ -(;'„). 

where 1 denotes the 2x2 identity matrix and and are the Pauli matrices defined in 
the previous section. 



The Majorana Representation. 

In this representation all 7-matricrs are pure imaginary and have the explicit form: 

a 2 
-a 2 



7° = ( -2 J > (A.43) 



and finally 



The Chiral representation or Weyl Basis. 

This basis is of particular interest to persons doing SUSY. In this representation the 7- 
matrices take on the explicite form 

H "i ? ) ■ (A 49) 



A. 4 Spinor Relations. 

In two-component notation we have the anti-symmetric e-metric. The tensor oby the fol- 
lowing relations, which are proven by stright forward calculations 

e"f>e lS = S a 5 S^-S%S" s , (A.50) 
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(A.51) 
(A.52) 
(A.53) 



We start by postulating that the spinor components are Grassmann numbers, i.e. 

(A.54) 



{Xa,X0} = {x",X $ } = {x«,X $ } = 



and also anti-commute with other Grassmann numbers (e.g. fermion fields, spinor charges 
etc.). 



With this postulate an expression like ip a Xa — " l l ) 2Xi~'4 , iX2 do not vanish 2 , and in particular 

(A.55) 



1p a X a = -Xaf a 
^aX° = -X°^a 



Because of the signs in eq. ( |A55| ), it is not well-defined what we mean by ipx or $X- To tackle 
this problem, we introduce the summation convention that states that suppressed undotted 
spinor indices are summed from upper left to downer right, while suppressed dotted indices 
are summed from lower left to upper right. In particular this means, for instance, that 

^X = rXa (A.56) 
$X = (A.57) 

^ X = r<«r (a.58) 

etc. 



We are now in position to establish some useful relations involving spinors which will fre- 
quently be use in calculations. 

Let t/>, 9 and x be two-comonent (Weyl) spinors. Then the following relations hold: 



^X 


= X*P, 




(A.59) 


^x 


= X$, 




(A.60) 




= x$, 




(A.61) 






(A.62) 




= x^$, 


(A.63) 


^ v x 


= -x°^, 


(A.64) 


ZJ" 6a v 6 


= ee 




Op, (A.65) 




= *!>[- 




(A.66) 



2 This observation can be taken as a motivation of the above postulate. 
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VW X = ^[-2ia^+g^]Z (A.67) 

e a 6 13 = -^e af3 99, (A.68) 

6Jp = l -e a p66, (A.69) 

9 & 9 $ = -e^99, (A.70) 

9j $ = -\e^99. (A.71) 

The final results are only stated here. Most of the explicite proofs are given in detail in in 



ref. 33 



A. 4.1 Fierz Rearrangemant Formulae. 

Some other relations have proven useful. They go under the name of Fierz Rearrangement 
formulae and read: 



dip 9 X = 




(A.72) 


9$ 9 X = 




(A.73) 


9lp Xa = 


- 9o^X V^/loA, 


(A. 74) 


9$ X a = 




(A.75) 




'LsT ^1^2 X1X2, 


(A.76) 


9x9(7*$ = 


~\ 00 X<7^, 


(A.77) 


9 x 9a^ = 


- 1 - 99 X <t^, 


(A.78) 


^a v X = 


X° v e^. 


(A.79) 



Neither these formulae we will prove explicitly. The proofs can be found from the same 
source as above. 



A. 5 Four Component notation. 

A. 5.1 The Projections Operators. 

We start by defining the projection operators, well known from SM, 

Pl = i(l-76), (A.80) 
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P 



R 



(1+75). 



(A.81) 



With the properties of the 7-matrices from sect. [A.3| , it is straightforward to establish the 
relations 



Pl + Pr 


= 1, 


(A. 


32) 


PlPl 


= Pl, 


(A. 


S3) 


PlPr 


= P R P L = 0, 


(A. 


34) 


Pi 


= Pl, 


(A. 


85) 


PlY 


= -fPn, 


(A. 


36) 



and corresponding equations for Pr. 



A. 5. 2 Connection Between the Two- and Four- Component Spinors. 

Let us introduce the two two-component Weyl spinors £ Q and fj a 

Z« e F, 
ij & e F*. 

The vector-spaces F and F* are inequivalent representation spaces of SL(2,C). Now we 
construct the direct sum space 

D = F (B F*. (A.87) 

This space is a four-dimensional representation space of SL(2,C). The elements of D, are 
just the well-known four-component Dirac-spinors. 

Thus a Dirac-spinor, can be constructed from these Weyl spinors according to 

* = (|^)- (A-88) 

Strictly speaking this is a Dirac-spinor in the Weyl-representation. Thus we see that if we 
work in the Weyl representation (subsect. |A.3.1|) we have a direct relation between two- 
and four- component spinors. Throughout this subsection we will thus assume the Weyl- 
representation. 

A Majorana spinor, A, is a (four-component) Dirac-spinor with the additional condition 

A = A c = CX T . (A.89) 
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Here C is the charge conjugation matrix^ while A means, as usual, the the Dirac adjoint 
spinor A = A^q (independent of represnetation). In the Dirac-represntation C reads Cd = 
Z7 2 7°, and in the Weyl-representation (with the correct index structure) |33], p. 135] 



a 



w 







Thus it is possible to show that |33|, p. 140] 



{■-2 0\ a 



Va ) 
a I ' 



(A.90) 



(A.91; 



i.e. the charge conjugation (in the Weyl representation) flips £ and rj. 

Hence, we may conclude that a Majorana-spinor,A, defined in eq. (|A89|) , can be written 



A 



(A.92) 



Furthermore, in the Weyl representation we have 

ft = I 

p R = | 

and thus 

m L = P L m 

= P R ^ 



1 
J ' 

o o\ 

1 j ' 



fj a 



The Dirac-adjoint spinor of is 

* = tf f 7o = ( V a U ) 
as can be showed by straightforward calculations. 



(A.93) 



Useful Relations Between Two- and Four-Component Spinors. 

Now we shall establish some relations, making the transitions between two- and four- 
component spinors more explicite and easy later on. Let the Dirac- and Majorana-spinor, 
ty(x) and A(x), be defined as in eqs. ( ggg ) and ( |X92|) . 

3 For more information on this matrix consider e.g. ref. pq. 
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Hence we have (in the Weyl representation): 

#1*2 = 7716 + £i*72, (A.94) 

tt l7 "tf 2 = ^a^ 2 - fh^m, (A.95) 

^175^2 = -7716 + 7726, (A.96) 

^i7 M 75^2 = -6^2-^771, (A.97) 

*l7^2 = 771^772 + ^9^2 

= 772^^ + ^^2-^(772^770, (A.98) 

^1^2 = 77^2, (A.99) 

#1^2 = £1772, (A.100) 

*i7 M ^*2 = 6^6, (A.101) 

#17^*2 = -772^77!, (A.102) 

^Pl^ = 6^6, (A.103) 

= ^^1-^(772^1). (A.104) 



A. 6 Grassmann Variables. 



In this appendix a differentiation and integration calculus for Grassmann variables will be 
established. The obtained results will be extensively used in the text. 



A. 6.1 Differentiation with respect to Grassmann Variables. 

In supersymmetry the Grassmann variables, which parametrize superspace, are important. 
Because of their anticommuting properties, they can not be continuos varying variables. 
However, they have to be discrete objects. Hence, defining differentiation with respect to 
Grassmann variables in the normal sense, as the ratio of two infinitesimal increments, has 
no meaning. However, formally we can define differentiation, following common practice, as 

w, = (A - 105) 

f) f) a 

OOP = V« (A-106) 
= A, (A-107) 



90, 

^ = <L d . (A.108) 
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a 


a 


do? 




n 

a 


o 

a 




,0 £a 
C (7 


d 
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d 


d 


'dO 


89 d 



The e-metric can be used to raise and lower indices of derivatives according tofj] 

«*w = (A - 109) 

d d 

= (A. 110) 

and 

09? 09a v 

Proof : Let the eq. ( |A.109| ) operates (from the left) on 8" f : 

aft ° m _ ° eft 

de? ~ do a ■ 

Then by comparing each side of this equation we have 

a/3 u en f «(5t 7 

£ oeP ~ e 

— P a ~i 

-If - 

= -e ia 
= e^. 

Hence we can conclude eq. ( |A109| ) is fulfilled. The other relations in eqs. ( |A.110| )- 
( L4.112| ) are showed in a similar fashion. 

Due to the anticommuting character of 9 and 9, we shall demand that 

d d 1 f d d I /A 

w) = \w^w) = °- (A - 113) 

(A.114) 
(A.115) 



9 a 1 


i r ? 




1 \d9' 


{de a > 6p \ 


\ = Pp* 


f 9 9^ 
\d9 &1 J 


\ = A, 



4 Takc particular notice in the sign on the right-hand side of these equations. 
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and, since and are concidered to be independent, 



\d0 al 

These equations yield directly that 



_d_ 



0P =0. 



(A.116) 



do? oo $ 



0. 



d0 & 00 

and also an "unusual" product rule (with a minus sign) like e.g. 
d 



d0 c 



d \ d 



(A.117) 



With the conventions for the differential operators established so far, the following relations 
are true 5 





d 




d0 a 




d 






d 


d 


oe a 


d0 a 


d 


d 


30 '« 





00 



00 

00 



2 a , 
-2 c 

4. 



Proof : We start by proving eqs. ( A.118 ) and ( A.120 ) 



d 
d6 c 







Oper- 



and 



_d d_ 

89 n d9 c 



s a % - 

6 a + 0^8^ 
2 6 a , 



_d d_ 

d0 n d0 a 



(A.118) 
(A.119) 
(A.120) 
(A.121) 



When spinor indices are suppressed on the differentiation symbols, we will follow the convention 



mm = W a ~o¥' 



mm ~ 09" de V 



(38 



Eqs. ( |A.lig| ) and (|A.121|) are proven in a similar way. 



A. 6. 2 The Berezin Integral. 

In ordinary field theories, a translation invariant action is constructed (assuming surface 
terms to vanish), by integrating a Lagrangian density C(x) over d A x. In a similar fashion, 
SUSY invariant actions in superspace can be obtained by an integration over the whole of 
superspace. 

The aim of this section will be to define what we understand by integration with respect to 
Grassmann variables, i.e. to define the so-called Berezin integral [ j5^| . 

We will start by considering the simplest situation with only one Grassmann variable C- 
Since ( n = 0, n > 2, due to the anticommuting property of (, any function of (, /(C), has 
always the form 

/(C) = /(0) + C/ (1) - (A.122) 
Hence it is sufficient to define Jd( and Jd( C i n order to let Jd( /(C) be well-defined. Following 



F.A. Berezin [|57j] we define 

JdC = 0, (A.123) 

Jd(( = 1. (A.124) 

Thus 

/dC /(C) = /^C (/(0) + C/ (1) ) =/ (1) , (A.125) 

and formally differentiation and integration are the same, i.e. 

dCf(C) = |r/(C)- (A.126) 



Two important properties, follow as a consequence of the definitions ( |A123| ), ([A 124|) and 
use of eq. ( |A122| ), should be noted 



Jd(f(( + K) = Jd(f((), (A.127) 
JdC(af(0 + bh(C)) = ajd(f(() + bJd(h(C), a,beC, (A.128) 
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i.e. translation invariance and complex linearity respectively. 

Superspace is not parametrized in terms of only one Grassmann variable. However, it 
"contains" the Grassmann algebras G 2 = {9 1 ,9 2 } and G 2 = {9 1 ,9 2 }. To define integration 
on these algebras, we have to generalize the above results. By demanding 



{d9 a ,de } = {de a ,9 fi } = o, 

{d9 & ,d9 $ } = {d9 & ,60}=O, 
and using the definitions (|A.123|) and (|A124 ) we have 

Jd9 1 d6 2 = 0, 

Jd9 1 d9 2 9 1 = Jd9 l d9 2 9 2 = Q, 

fd9 1 d9 2 9 1 9 2 = -1. 



(A.129) 
(A.130) 

(A.131) 
(A.132) 
(A.133) 

Similar formulae hold for the algebra G 2 . Now the integral of any function on G 2 and/or 
G 2 can be obtained by Taylor expansion and linearity. 



We now define "volume elements" of the anti-commuting part of superspace 



d 2 9 

d 2 9 
d 4 9 



-- d9 a d9 a 
4 

— — d9a d9 l 
d 2 9 d 2 9. 



d9 c 



d9 & d9 



pi 



(A.134) 

(A.135) 
(A.136) 



With these definitions the following relations are true 





Jd 2 9 = 0, 


(A.137) 


Jd 2 9 9 a = 


Jd 2 9 9 & = 0, 


(A.138) 


Jd 2 9 99 = 


1, 


(A.139) 


Jd 2 9 99 = 


1, 


(A.140) 


jd i 9 99 99 = 


I. 


(A.141) 



Proof : Eq. ( [A. 1371 ) and ( |A138| ) follow immediately from eq. flA.13lQ and ( |A132| ) 

and the corresponding equations for G 2 . 

By using the definition ( |A.133| ), (|A.134|) and the fact that 99 = e a p6 a fi = -29 1 9 2 , 
we have 



d 2 9 



£g/3 

4 



d0 a d0 p (-2 6* 1 2 ) 
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£ -f jdo l de 2 e l e 2 + £ -f fde 2 de 1 » l " 2 

1 j ai fll ai 



e 12 Jd9 1 d6 2 9 



since e a p is antisymmetric and £12 = — 1- Eq. ( A.140 ) is proved in the same way. With 
eqs. (A. 139) and ( |A,140| ) established, it is rather straightforward to prove eq. (A. 141) 



d 4 9 68 99 = \d 2 9d 2 Q 



1. 



With the formulae obtained so far, the integral Jd 4 9 9, 9) of a general superfield can be 
established. Hence we have 



Jd 4 9 $( 



r. (i. 6) = \d 4 9 (/(a;) + 9 a 4> a (x) + 6 & if> & (x) + 99m(x) + 99n(x) 

+9a^9 V^x) + 99 9^\ & (x) + 99 9 a ip a (x) + 99 99 d(x] 



d(x). 



(A.142) 



Thus, by integration with respect to Grassmann supercoordinates, the 99 M-component 
of any integrand is always outprodjected. This fact, as we will see, is rather useful when 
supersymmetric Lagrangians are being constructed. 



A. 6. 3 Delta Functions on Grassmann Algebras. 

Delta functions on superspace simplify the constructions of SUSY-invariant actions. Let 
such delta functions on G 2 and G 2 , both two and four dimensional, be defined implicitly by 



and 



This implies that 



Jd 2 9 f(9)5 2 (9) = /(0), f(9)eG 2 , 
d 2 9g(9)5 2 (9) = g(0), g(9) G G 2 , 



/i(0,0), h(8,8) G G 2 x G 2 . 



d 4 9 h(,6, 9) S 4 



5\9) 
5 2 (9) 



99, 
99, 



(A.143) 
(A.144) 

(A.145) 



(A.146) 
(A.147) 
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and 



as we now shall show. 



5 2 (6)5 2 (6) = 99 99, 



(A.148) 



Proof : By using the anticommuting properties of the elements of G2 and eq. (A. 139) 
we have 

d 2 e f(e) ee = fd 2 e (/(o) + e a f£ ] + ee / (2) ) ee 
d 2 e ee /(o) 



/(o). 



Hence, with the identification 5 2 (6) = 66, eq. ( |A143| ) is fulfilled, something which 
shows that our identification is correct. 

In a similar way eq. ( |A.147|) is seen to be consistent with eq. ( A. 144 ). 
For the same reason as above we have 



d*eh(,e,6)5\e,e) = Jd 4 e (h(o,o) + e a ^ + e~ + . 

= h(0,0). 

Thus, the identification made in eq. (A.148) is correct. 



(A.149) 
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Appendix B 



The Two-Component Form of the 
Off-Shell Lagrangian CsuSY* 



In this appendix the expansion of Csusy, hi the two-component formalism, will be performed 
in detail. 

However, before we address this problem, some general calculations will be performed. To 
be more specific, we will in sect. [B.l| calculate the component form of the non-Abelian 
fieldstrength W a . In sect. p.2| this expansion will be used in obtaining the component 



form of the kinetic term of vectorsuperfields. Finally, in sect. |B.3| , which concludes our 
general calculations of this appendix, we derive the expansion of the matter Lagrangian of 
a Q x U(l)- gauge theory, where Q is some non-Abelian gauge group. 



B.l The Non-Abelian Fieldstrength. 

In this section we will calculate the component expansion of the non-Abelian fieldstrengths, 
as defined 1 by 

W a = -—DDe- 29V D a e 2gV , (B.l) 

W a = --^DDe~ 2aV D a e 29V . (B.2) 

We start by W Q and for simplicity we will work in the WZ-gauge. By hermitian conjugation 
the corresponding expression for W a is obtained. It is practical to work in the basis (y = 
x + i6a6, 6, 9), since then the SUSY covariant derivatives take on a somewhat simpler form 

D a (y,9,9) = ^ + 2«&0*A (B.3) 



^^Here we have made the substitution g —> 2g. 
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Da(y,e,9) 



89° 



(B.4) 



Hence (ImA(x) = 0)fl 

V a (x,9, 



V a {y -i8<j8,6,6) 

-Oa^O V£{y) + 1 90 9X a {y) - 1 99 9X a {y) 



+ - 99 99 [D a (y) + id»V*{y) 



(B.5) 



where eq. ( [A.76 ) has been used. From now on, the y- dependence of the component fields 
will be understood and suppressed. 

Our program will be to first calculate e~ 2gV D a e 29V and then the total (non-Abelian) field 
strength. In these calculations, expressions for D a V a , D a (v a V b ^j, and finally V a D a V b are 
useful. Hence we start by determine these expressions. 



Using the results from appendix [A.6| , and in particular eqs. ( A.106 ) and ( A118|) , yields 
D n V a = 



89- 



9 + 2iaU« 9 



8y^ 



x 



1 



-9^9 V* + i99 9\ a -i 99 9\ a + - 99 99 D a + i d»V* 

H 1 Q p 



(%J a V£ + 2% 9 a 9X a -%99\ a a + 9 a 99 [D a + i <W; 
■ 2i a v a J a Oa^O 8 U V« - 2 a£j a 99 6 8^ a 



<J a V; + 2% 9 a 9X a -i09\ a a 



+ 9 a 99 
-2i 99 



D a + i &*V? 

J* 



Ob d u V,: 



+ 99 99 e^ar 8^X a $ . 



Here eq. ( |A.65| ) has been used. By utilizing the antisymmetry of (cf. sect. |A.3| ) and 
eq. ( |A.68[ ) (together with a redefinition for the indices /i and v) one obtains 



D n V a 



rtJ^V" + 2i 9 a 0X a -i 99 XI 



+ 99 {9 a D a -(a^)j0^ 
+ 99 99 a^d,X« a . 



f) y a - 8 V a 



(B.6) 



2 Whcn we work in the basis (y, 9, 9) the notation <9 M will mean -J^ if nothing else is said to indicate 



otherwise. 
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With eqs. QX7§ ) and QA.liq) we have 



D a (y a V b ) = D a (^99 99 V afl V b 



ee e a v afi v b . 



(B.7) 

Note that only the first term of D a contributes to D a (V a V h ^j due to the anticommuting 
properties of the superspace parameters 9. 



Furthermore with eq. ([A. 118 



V a D a V 



-9a^9 V* + i99 9X a -i 99 9X a + - 99 99 D a 



x 



{~<J 6l V* + 2i 9 a 9X b -i99X 



+99 



9 a D b - (Oa% (p a V h v - dX)} + 00 00 a u adl d u X &h } 



9^9 a v a6l 9 a V°V b - 2% 9o»9 9 a 9X b V* - i 99 9X a a u Q J a V b . 



For later convenience, we rewrite this expression. The first term is rewritten by eq. QA.65 ) 
while the two next terms are rewritten as follows: 



2% (--£^06) a 



~V 77 



2i9a"9 9 a 9X b V^ = 2i9 i a f *^9 y 9 a 9^ b 

1 



-e 



ya 



X ab ya 



-~ 2 99 99 A V^, 



and similarly 



i 99 9X a a»J A V b 



99 9«¥ e» aa X a pV b 



„v \a a\rb 



By collecting terms, eq. (\B.8j) reads 



V a D a V b 



„ -pv»v»^\ooo a v a X 



99 (<t' u ')J > a V.?V, 



+ - 99 99 a 
2 



A' 

act 



X 61 a v b - x a °v 



b\ra 



:b.8) 



The reader should note that the first term of the above expression is antisymmetric under 
the combined index transformation fi <-> v and a <->• b, while the second and third terms are 
symmetric and antisymmetric respectively under a <-> b. 

Hence, by taking advantage of the fact that all powers of three (or higher) of vector super- 
fields in the WZ-gauge always vanish, we have 

e- 29V D a e 2gV = ( 1 - 2gT a V a + 2g 2 T a T b V a V b ) D a (l + 2gT c V c + 2g 2 T c T d V c V d ^ 



2gT a D a V a + 2g 2 T a T b [.D Q (v a V b ) - 2 V a D a V l 



(B.9) 
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We now rewrite the term in the square brackets, and with eqs. ( |ff.7|) and (|#.&| ) we obtain 
T a T b [D a (y a V h ) - 2 V a D a V b ~ 

= T a T b 66 [ -2i (O/ 6 p V*V b - % 66 < A ( A d % b - A 6 V; ) ' . 

Since the terms in the square brackets are antisymmetric under the index transformation 
fi <-> z/ and a <-> 6 we have 



[T a ,T b ] 66 



D a {V a V b ) -2V a D a V 
1 
2 

T a 66 



2i(an a p o^v b -iee ar 



X aa V o_^abya 



(°nf Qpv«v b + -66 ( r x - xa X 

f a bc ^ybyc _ f a b c e6 ^yty C 

Here we have used the antisymmetry of f abc . With this result, eq. (|£?.9| ) becomes 
e- 29V D a e 2gV = 2gT a [- a^JX + 2id a 6\ a -tdd \ a a 

+ 66 {e a D a -(anJ } e p v^} 

+ 66 66 ar fax a - gf abc V b ^ °}_ > 

where 

y; v = d,v u a -d u v«-gf ab X v vi 

is the non-Abelian, conventional fieldstength^ 

Hence, the total fieldstrength becomes with eq. ( |A.121| ) 



;b.io) 



(B.H) 
(B.12) 



-DDe- 29V D a e 2 ° v 

8g 



i- 2g T a [-Ai \ a a + 4 (6 a D a - (a^J h K 



+4 66a» a (d^ a -gf ab X^ C 



K -6 a D a + (a^) J> Op V; v - 66 (d,\ aa - g f^Vfi*' 



;b.i3) 



By hermitian conjugation the component expansion for is obtained, and it reads 



W A 



rpa 



-i \l - 6 a D a + 6 $ {a^fa V« v - 66 ar (d,\ aa - g r b % fe A c 



(B.14) 



The fieldstrengths with upper spinor indices are obtained in the usual way by applying e a ^ 
and e af3 to the above expressions 



W a 



(B.15) 
(B.16) 



3 The factor of two in front of the coupling constant was inserted in order to make this identification 
possible. 
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B.2 Calculation J d A 6 (1/4/c) Tr (W a W a ) 5 2 (6) + h.c. 



Since W a is Lie-Algebra valued one has 

J d 4 9^Tr(W a W a ) 5 2 (6) 

= Jd 4 9 — Tr (T a T b ) W aa W b 8 2 {6) 

= - w aa w a \ 

vv vv a \ eg . 

Here we have used the normalization (in the adjoint representation) 

Tr(T a T b ) = k5 ab . 



(B.17) 



(B.18) 



Furthermore, eqs. flZTI3D , flX69l) , ( gjg ), (p| and (|X50|) yield 



4 al 



X 



i \ a p -e p D a + (o/ o s v; v - ee ^ (d^ a - g r bc v b ^ 

ol «^ aaK d p ^ a -9f ab ' c 'V b '\ ac ')}} 



-- AV (d M A a - g f abc V b X c ) + - D a D a 



7 [iv y pa 



(<^A a - g f abc V b X c 



--AV (d^\ a -gf abc V*\ c ) + ^ D a D a 



(B.19) 
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By rewriting the last term of eq. ( |#.19| ) with use of eqs. ( |A34| ) and ( |A.34| ), one obtains 



1 

- I (a 



^\ P( a P°)J* - ( a ^a pa )f) V",V!t 



l±v ' pa 



-77T (9 w 9 ua -9 tMT 9 up 
lb 



IE 



) " av c 



p,u ' pa 



I i 
_ \rapwira pLVpo-ira -\ra 

"g p,v iiv pal 



(B.20) 



where we in the last transition have used the antisymmetry of the conventional fieldstrength. 
Thus one can conclude 



d^e — Tr(W a W a ) 5 2 (6) 
Ak 



1 



1 



--AV (d^\ a - g f abc V b X c ) + | D a D a - | V aflu V^ 
i 

pV-vpaya ya 

16 fJ,u v pa' 



(B.21) 



With eq. flA.62 ) the first term of the above equation can be rewritten as follows 



-^AV (d,X a - g f abc Vft C ) 



^{dpX a -gf abc V^ c ) 



1 T, 



-- A V («^A a - gf ahc V b X c ) + 2 d » K Xa(T " Xa 



fB.22l 



2 2 
Here we have introduced the SU(2) x [/(l)-covariant derivative 

D, = d» + igT a V« + ig'^V^ 

and when it operates on e.g. the gaugino A a , which lay in the adjoint representation of the 
gauge group, i.e. 

— u 

ecab 



a = 1, 2, 3, 



T. 



adj 
Y a dj 



-if 



0. 



we have 



[DpK 
[D,] ab \ b 



dp6 a 



>9 



rpc 

adj 



ab 



X 



vc + ig >^fv>)\ b 



dp\ a - gf abc V bxC - 



;b.23) 
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This yields for eq. (T37H) 



I d 4 9 — Tr (W a W a ) 5 2 {9) = -^A a ^/J M A a + - D a D a - - V aflv V^ 



- ^ ^V^l + l -d, (A«^A«) . (B.24) 



Hence by hermitian conjugation (of eq. ( |ij.21| )), one has 

J d^9 Tr (W & W*) 5 2 {9) = % - /J M AVA a + - D a D a - - V a ^V f 



I J_ fiupaya ya 

16 ^ pa 

-l\^D u \ a + - D a D a - - V a ^V, a 
2^4 8 

+ i er>°V*VL (B.25) 



[IV 



and by adding eqs. (|i?.24|) and ( |£?.25|) we may conclude 

— J d 4 9 | Tr (W a W a ) 5 2 {9) + Tr (W & W & ) 5 2 (9)} 

= -i \ a a»D^\ a + X - D a D a - - V afMU V^ + % - <9 M (A a cW) . (B.26) 



B.3 Calculating I d A 6 fte 2aV+9 v cj). 

In this section we will derive the component form of / d i 9 <fte 29V+9 ' v '(j). Here (f)(x,0,0) 
is a chiral superfield and V(x, 9, 9) and V'(x, 9,9) are gauge vector superfields for some 
non-Abelian group Q and U(l) respectively. 

As usual we work in the WZ-gauge with Lie-algebra valued gauge superfields of the form 

V(x,9,9) = T a V a (x,9,9), (B.27) 
V'(x,9,9) = Yv'(x,9,e), (B.28) 

and with the following component expansions for the superfields 
4>(x,9,9) = A{x)+i9a^9d ll A{x)-^ 99 99 d ll d fl A{x) 

+ V2 9%l){x) + ^=99 e^dytfix) + 99 F(x), (B.29) 

ft(x, 9, 9) = A\x) - i 9o»9 d^A\x) -^ 99 99 d»d^A\x) 
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+ V2 9ip(x) + ^99 O^dyrtix) + 99 F\x) 
v2 



(B.30) 



V a (x,9,9) = - 9a^9 V^{x) + i 99 9X a (x)-i99 9\ a (x) + - 99 99 D a (x), (B.31) 

v'(x,9,9) = - 9a»9V^x)+i 99 9\'(x)-i 99 9\'(x) + - 99 99 D'{x). (B.32) 

Furthermore, <p(x, 9, 9) will be taken to lie in a representation of the gauge group Q x U(l) 
described by the matrix representation T a and the hypercharge quantum number Y. Hence 
4>(x, 9, 9), and its component fields, are generally matrix- valued. As our notation indicates, 
we will work in the (x, 9, #)-basis, and from now on this dependence will be suppressed. 

Since the two gauge super-multiplets are commuting, i.e. [V, V'] = 0, and we are working 
in the WZ-gauge, we have 

e 2gV+g'V> = ^ + 2 gT a V a + ^T^V^ 

x (l + g'Yv' + X -g' 2 Y 2 v' 2 

f 
2 



1 + g'Yv' + 2gT a V a + —Y 2 v' 2 + 2g 2 T a T b V a V b 



+ 2gg'YT a V a v.' 



;b.33) 



Here in the last line we have used the fact that third powers of vector superfields in the 
WZ-gauge always vanish. Furtermore 



yayb 



-.12 



V a v 



- 99 99 V afl V b 
2 M 

- 99 99 V'^V' 
2 

- 99 99 V a "V^ 



(B.34) 
(B.35) 
(B.36) 



and hence with eqs. ( WM ), (MM) and (WMhiWM) substituted into eq. ( |R33D one 
obtains 



2gV+g'V 



1 - 9(7^9 

+ i999 
1 



2gT a V^ + g'YV^ 
2gT a X a + g'YX' 



1 999 [ 2gT a X a + g'YX' 

b 



+ - 99 99 [ 2gT a D a + g'YD' + 2g 2 T a T b V a »V b 
+ -j^V'^ + 2gg'YT a V aii Vl 



;b.37) 



Postmultiplying the above expression with cf) yields 

e 2gV+g'V' ? 
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= 1 - 9(7^9 
+ i999 



2gT a V; + g'YV^ 

2gT a X a + g'YX' 1 - % 99 9 [ 2gT a X a + g'YX' 



x 



+ - 99 99 2gT a D a + g'YD' + 2g 2 T a T b V a ^V" 
+ -g' 2 Y 2 V'^ + 2^ / FT a \/ a ^ 



A + i 9o»9 d^A -- 99 99 d"d^A 
+V2 9^ + -^99 9a»d^ + 99 F 



= A- 9a»9 

+ i999 
1 



- 99 99 



2gT a V; + g'YVl\ A 
2gT a X a + g'YX' ] A-i 99 9[ 2gT a X a + g'YX' ] A 

2gT a D a + g'YD' + 2g 2 T a T b V a % 6 



+ -g' 2 Y 2 V'^ + 2gg'YT a V a ^ 



A 



+ 19^98^-19^99^9 [ 2gT a V^ + g'YV'^ ] d v A 

-^ 99 99 d^d^A + V2 9i>-V2 9a^9 [ 2gT a V* + g'YV^ ] 9^j 

-V2i 99 9[ 2gT a X a + g'YX' ] 9^ + ^= 99 QaPd^ + 99 F. 

v2 

Now we rewrite the fourth and third last term as follows: 

- V2 6a»0 [ 2gT a V* + g'YV'^ ] 9^ = V2 [ 2gT a V* + g'YV'^ ] 9 a 9 (3 a^9^ p 

= -V2[2gT a V; + g'YV'A l -e^99a^9^^ 



gg [2gT a V; + g'YVl 



-V2i 99 9 [ 2gT a X a + g'YX' ] 9^j = -y/2i 99 9 a [ 2gT a X a a + g'YX' a ] 9% 

= -±= 99 99[2gT a X a a + g'YX' a }r 



-^ 99 99[ 2gT a X a + g'YX' ] V, 
v2 



(B.38) 



and thus 



JgV+g'V 



A + V2 9^j + 99 F + 9a^9 { id^A - [ 2gT a V* + g'YV^ ] A } 
+ 99 9 [i[2gT a X a + g'YX' ] A 



81 



--/= [ 2gT a V; + g'YV^ ] + 

-i 66 6[ 2gT a X a + g'YX' ] A 

+ i 66 66 { [ 2gT a D a + g'YD' + 2g 2 T a T b V a "V b 

+-g*Y 2 V , ' i Vj t + 2gg'YT a V a 



2gT a V; + g'YVl 



d»A 



+V2i [ 2gT a \ a + g'YX' } ^} . 



- d^dnA 
2 ^ 



(B.39) 



Finally we can address the main purpose of this section. By premultiplying the above result 
by ft and projecting out the 66 M-component, equivalent to a Grassmann integration, we 
obtain: 



J d 4 9 



= d A 6 



1 



A ] - i 6o»6 -- 66 66 d^d.A^ 
M 4 M 



+V2 6^ + -^dd 6a^d^ + 99 F f 
V2 



x 



A + \p2 dtp + 66 F + 6^6 { id^A - [ 2gT a V^ + g'YV^ ] A } 
+ 66 6{i[2gT a X a + g'YX'] A 

~ [ 2gT a V; + g'YV'^ } ^ + ^ 
-i 99 9[ 2gT a X a + #VA' ] A 
+ - 96 96 {[ 2gT a D a + g'YD' + 2g 2 T a T b V a ^V b 



+ -g' 2 Y 2 V'^Vl + 2gg'YT a V a »Vl 



— I 



2gT a V; + g'YVl 
+V2i [ 2gT a X a + g'YX' ] tf\ }] 



- - d"d u A 
2 M 



= At 



gT a D a + g'YD' + g2T a T b V a »V° 



+ V2i A ] 



+-g' 2 Y 2 V'^Vl + gg'YT a V ail Vl 

9T a K + Ig'Yvl 



A 



gT a x a + ,y X , 
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i9o v 9 9^9 d v A ] \ id^A-2 



gT a V« 



g'Yv' 



A 



- d^d.A^A 
4 M 



1 



gT a X a + _ g Y\> 



+ y/2 9ip 99 9 { 2i 

+ V2 dtp 99 6 | -V2 
+ i 99 9^8$ 9ip 
With eq. ( |A.76| ) and the following results 

y/2 94) 99 9 & 
i 99 9^8$ 9^) 
eq. ( |£>.40|) becomes 

'd 4 9 tie^^'v's 



A 



gT a V« + - g'YVl 
+ F ] F. 



(B.40) 



\f2 999J^ 



— =69 99 



-- 99 99 ^0^, 



gT a D a + _ g 'YD' + g 2 T a T b V a *V 



+ -g' 2 Y 2 V'^ + gg'YT a V a ^ 



A 



-iA ] 



gT a V; + -g'YVl 



1 



+ V2i A* 



gT a X a + -g'YX' 



d^A - - A^d u A 
4 M 

4 



+ - d^A^d^A + i «9M f 



gT a V? + - g'YVl 



gT a X a + g f YX > 



2 

A + ip 



A-- d^d^A 
gT a V; + \ g'YVl 



-$<r»d^--^d^ + F j <F. 



(B.41) 



With the following identities 

d^d^A = -d^A ] d^A + d^{d^A ] A 
A ] d»d^A = -d^A^d^A + (rfd^A) 

the final expression for the matter Lagrangian reads 
d A 9 0t e 2 ^+^'0 
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At 

+ At 
+ i d^A^ 
+ V2i A ] 



gT a D a + \ g 'YD' 



A + d^A^d^A 



A 



9 T a v; + ^w; 



gT a V^ + \g'YVl 



gT a \ a + l -g'Y\' 
1 



A-i A f 



+ l -g'Y~\' 



d^A 
A 



[BA2) 



Here t.d. means a total derivative (t.d.), and it can be neglected if we like. This is so due 
to the four dimensional Gauss-theorem 4 which implies that the total derivative does not 
contribute to the action. 



B.3.1 Introducing the Covariant Derivative. 

Eq. (|£?.42| ) can be simplified even further if we introduce the Q x £/(l)-covariant derivative, 
defined by 



D, = d^ + igT^ + ig'-V^. (B.43) 



2 

Here T a and Y have the same meaning as in the previous section. 
With this definition one has 
( J DM) t (D^A) 

= (d fM A + igT a V af >A + ig'-V' tM A\ (d^A + igT^A + ig'-V^ 
= d^A^d^A 

+ i (gT a V* + g'^V^j A- id (gT a V; + g'^V^j d»A 
+ A ] ^T a T b V af *V* + gg T a YV a ^ + ^Y 2 V'»V^J A, (B.44) 
and substituting eqs. (|£>.43|) and ( |£>.44|) into eq. (|£>.42j ) yields 

4 The four dimensional Gauss theorem states that 



f d A xF{x) = [ d 3 Sf i d ti F(x), 
Jv Js 



where S is a 3-dimmentional surface enclosing the 4-dimensional volume V. In our case, V denotes the total 
4-space, and hence S is an surface at infinity. Since the fields are assumed to vanish at infinity, the right 
hand side vanish because F(x) is some function of quantum fields. 
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+ A f ( gT a D a + A 



+ V2i A ] 
+ F ] F + t.d. 
This concludes this section. 



g T a \ a + g'^\> 



ip — V2i ijj 



gT a- X a + gf Yy 



A 



(B.45) 



B.4 Component Expansion of C 



SUSY- 



Now we will leave the general situation, and instead consider, what is the purpose of this 
thesis, the electroweak £77(2) x [/(l)-theory. From chapter [I] we recall that the unbroken 
theory is described by the Lagrangian 



C 



SUSY 



C 



Lepton f-'Gauge ^Higgsi 



where 



Lepton 
^■Gauge 



- W aa w a + W ' * W '} § 2(Q) + hc 



(B.46) 
(B.47) 

(B.48) 



C 



Higgs 



d A 6 



^ e 2 9 v+g'v' ^ + h\^ + ^ H 2 + W 5 2 {6) + 5 2 (6)} . (B.49) 



Here the superpotential W is given by 

W = W H + W Y 

= fi e lJ H[H J 2 + f £ ij H\Vk 



(B.50) 



From chapter |2| we recall the component expansions of the various superfields of Csusy- 
They are 



L(x,9,9) = L(x)+i9a"9d^L(x)-- 99 99 d fi d t ,L(x) 

+ V2 6L {2) {x) + -^66 e^d^ix) + 66 F L (x), 
V2 

R(x, 6, 6) = R(x) + i 6^6 d^R(x) -^ 66 66 d^d^R{x) 

+ V2 6RW{x) + -5= d6 6a»d^R {2 \x) +66 F R (x), 
v2 

Hi(x,6,ff) = Hi(x)+i9a ti 6d tl H 1 (x)-- 60 96 d fl d^Hi(x) 

+ V2 6H {2 \x) + -^ 66 6a ,l d ll H?\x) + 99 F^x), 
\/2 



(B.51) 



(B.52) 



(B.53) 
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and finally 



H 2 (x, 6, 9) = H 2 (x) + i 60^6 d^H 2 (x) -- QQ 66 d^H 2 {x) 

+ V2 6H { 2 \x) + -^66 6a»d^H ( 2 \x) + 66 F 2 (x). (B.54) 
v2 

The various component fields are fully defined in the chapter mentioned above and the 
quantum numbers are listed in table |1 . 1|. 



With the results from the previous sections of this appendix together with 

My, o)*Av, o) = Mv)Mv) + ^ [Mv)1>M + Mv)Mv)\ 

+ 66 [Ai(y)Fj(y) + Fi(y)Aj(y) - MvWM] , ( B -55) 

and 

My,o)^(y,6)My,o) 

= Mv)Mv)Mv) 

+ V26 [ii) i (y)A j (y)My) + Mv)Mv)Mv) + Mv)Mv)Mv)] 

+ 66 [F^A^A^y) + F^AMMv) + FMMv)Mv) 

-^i{y)^ 3 { y )A k {y) - ^j{y)^ k {y)Ai{y) - ^ k {y)A{y)My)] , (B.56) 

it is easy to calculate the expansion of Csusy- Note that the ##-component of eqs. (|-B.55|) 
and ( |ij.56| ) is independent of basis. We will now give the component expansions of the 
different terms of eq. ( ]B.46|) . 



B.4.1 The Component Form of jCLepton- 
With eqs. flR45D , (g3| ), ( WM) and table one has 



C 



Lepton 



d A 6 



+ D (gT a D a - \g'D'^j L + R^g'D'R 

+ V2i D [gT a \ a - ~</'A') - V2i W (gT a X a - ~</A') L 

+ V2i Itfg'X'R® - V2i R^g'X'R 
+ F ] L F L + F R F R + t.d. 



(2) 



(B.57) 



Here is the SU(2) xf/(l)-covariant derivative given in complete agreement with eq. jB.43|) . 
Furthermore T a = a a /2 (a = 1, . . . , 3) and this will be understood from now on. 
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B.4.2 The Component Form of Ccauge- 

£-Gauge contains both an SU(2)- and an U(l)-piece. The SU(2)-piece can be taken directly 
from eq. ( |£?.26| ), while the U(l)-piece is obtained by taking the non-Abelian limit of the 
same equation. Hence we may conclude 



£-Gauge ~ ^ / d 1 1) 



W aa w a + a^y. 



5 2 {6) + h.C. 



-i A V ( (9 M A a - gf abc V*X c ) - % A'a^A' 



1 ^ ya nuya^ + V '^ V ^ ) + ~ ( D a D a + D' D' ) + t.d. (B.58) 



4 

Here V£ v and V are the (non-SUSY) fieldstrengths for the SU(2)- and U(l)-gauge group 
respectively. 



B.4.3 The Component Form of Hni ggs . 



The expansion of the kinetic terms of Hi and H 2 are obtained in a complete analogous way 
to what we did in the subsect |B.4.1| . 

However, in order to give the full expression for Cniggs, the component form of the super- 
potential piece has to be obtained. This is done with eqs. ( [ff.55|) and ( |£>.56| ) and reads 



/ d 4 9 W 5 2 (9) = I d 4 9 {fi e l] H\H 3 2 + / e i3 H[UR) 5 2 {6) 



lie" 



HiFi+FiH J 2 -H{ 2)i H? )j 



+ fe ij [ F\VR + H\F{R + H\VF R 

-H[ 2)t LWiR - HIL^R® - R^H [2)l V] . (B.59) 

The corresponding expression for is, of course, obtained by hermitian conjugation. 
Thus the expression for Cniggs becomes 

d 4 9 \H{e 29 V+9'v'H 1 + Hle 2 ^+9'v'H 2 + W5 2 (6) + 8 2 (6) 



C 



Higgs 



- i H^a^D^H^ - i H { 2 a^D^H { 2 ] 

+ H{ [gT a D a - l -g'D^ H x + E\ (gT a D a + ^g'D'^j H 2 

+ V2t H\ (gT a X a - Ig'X') H {2) - y/2i #f (gT a X a - Ig'jA H x 
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+ V2i Hi (gT a \ a + ±</A'J Hf ] - V2i [gT a X a + ^«/A'J tf 2 



1 ,T/ 



+ F\Fi + F 2 ' F 2 



t, 



+ fe ij 



+ t.d. 



H[F{ + H$F$ + Fjif| + FpHtf - tf^ 1 /^ 
F^L j R + F^L^ttf + H[F 3 L R + H^F^R) 

_ H i iL {2) jR (2) _ Hl t L (2)j R (2) _ R (2) H (2)i Lj _ R (2)^ l L ^ 



(B.60) 



B.4.4 Conclusion — The Two- Component Form of jCsusy- 

By adding the results from the three previous subsections, the expansion of Csusy is ob- 
tained. 



Hence 

&SUSY 



+ V tygT a D a - T^g'D'j L + R) g'D'R 

+ V2i V [gT a X a - ^g'X'^j L (2) - y/2i [gT a X a - ^'A') L 

+ V2i I&g'X'RW - V2i R^g'X'R 

+ F{F L + FlF R 

- i X a a"D l ,X a - i X'a^D^X' 

_ 1 r ya »uya^ + y'lvy^ \ + I ( + £,/£,/ ) 

+ (D^O* (D^) + (D^H 2 )^ (D,H 2 ) 



+ Ht [gT a D a - ^g'D'^j H x + Hi [gT a D a + ^g'D'^j H 2 

+ V2i Hi [gT a X a - l -g'X'^ h{ 2) - V2i &f [gT a X a - ^'A') H x 

+ V2i Hi [gT a X a + ±</A') H^ - V2i flf [gT a X a + l -g'X^j H 2 
+ F+Fx + F\F 2 

+ ^ [ H\F{ + if^F^ + Fji^' + F?H 3 J - H[ 2)i H? )j - H^^H 
+ fe ij \ F[VR + F^l^W + ifjF££ + H^F^W 



~ (2)i T ~ (2)j 
2 
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+ H\VF R + Hl^L^Fl - H{ 2)t L^JR - i^Z^'flt 

+ t.d. (B.61) 
and this appendix is concluded. 
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Appendix C 



The Four Component-Form of the 
On-Shell Lagrangian C<SUSY- 



In this appendix the two component Lagrangian Q2.26 ), i.e. 



C 



SUSY 



D»rV (d„R) - i L®a»D u LV> - i R^^D„R^ 



V2i D (gT a \ a - -g'X') L< 2 > - V2i (gT a X a - -g'X') L 



+ s/2i itfg'X'R® - y/2i R^g'X'R 

- i X a a» (<^A a - gf abc V*X c ) - i X'a^X' - - ( V a ^V^ + V'^V'^ 
+ {D»H^ (DpHx) + (ZW 2 ) f (D,H 2 ) 



[IV 



-(2) 



1 ,W 



~( 2 ) 



r(2) 



+ V2i H{ (gT a X a - VA') H{ 2) - V2i llf (gT a X a - '-g'X') H x 



1 i\i 



+ V2i H\ (gT a \ a + -g'X 1 ) - V2i &f (gT a X a + -g'X') H< 



— e 



H ( H[ 2)i H^ j + &f l Hf 3 )+fl Hi*>*L<MR + H?'L<M& 



r (2)i- 



~,(2)< = 



/i 2 h\h x - /i 2 h\h 2 - fif f h\l r + L f # 2 # 



-/ 2 



L f L + (Z f L + It* A) - H\l (h\L 

( l)T a L + i?}T a #i + H 2 T a H 2 ) ( l)T a L + H\T a H\ + H 2 T a H 2 



(C.l) 
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will be transformed into four-component notation (i.e. to introduce four- component spinors). 
Our strategy will be as follows. First the following well known gauge boson combinations 

A^x) = cosdwV^x) + sm6 w V*(x), (C.2) 

Zfj, (x) = — sin 

#w V'^x) + cos# w V*(x), (C.3) 

wt(x) = (c . 4) 

and corresponding relations for the spin- 1/2 gauginos 

\a{x) = cos^w A'(x) + sin# w A 3 (x), (C.5) 
<Vz(a;) = — sin # w A'(:r) + cos # w A 3 (x), (C.6) 

= A1(X) ^ A2(X) , (C.7) 

will be introduced. Next, the two component spinors will be arranged in various (four- 
component) Majorana- and Dirac-spinors. As we will see, the S-QFD theory contains 
Photino- (A), Zino- (Z) and two neutral Higgsino-states (Hi, H 2 ) defined in terms of two- 
component spinors as follows 

*M - ( ~W) ) • (a8) 

*« - ( ) ■ ^ 

* = (al0 » 
^ - ( ft ) ■ (c - n > 

These spinors are all of the Majorana type. 

For the Dirac-spinors, we have the Winos (W) and the charged Higgsinos (H) given by 

= ( ix- U ) • ^ = ( ~%U ) • < ai2 > 

Hi,) -(I), =(J). (C13) 

Here the upper "c" on W c and H c means charge conjugation (cf. eq. ([A.91 )). 

Finally we have the leptons which as usual are arranged in four-component Dirac-spinors 
defined by 



(2) 



'= !&> ■ (ai4) 
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After introducing all necessary notation, one is in position to show attention to the main 
purpose of this appendix — the four- component formulation of the Lagrangian Csusy- 



The coming calculations rely heavily on the results of subsect. [A.5.2| , and in order to avoid 
clutter in our description, these results will be used without any further reference. Those 
readers not familiar with the connection between two- and four-component spinors are 
guided to study this subsection most carefully. 



C.l Rewriting Kinetic Terms. 
C.l.l Slepton and Higgs Kinetic Terms. 



From eq. flGM|) we see that the transcription of the kinetic terms of sleptons and Higgses 
is completed once the SU(2) x [/(l)-covariant derivative is written in terms of the new 
field-combinations eqs. ( p.2| )- (|C r ^) . 

Hence 



V2 



V,}(x)+iV 2 (x) 

71 



+ igT 3 (Xa sin # w + Az cos W ) + w'tt (^a cos 9 w — X z sin 6> w ) 
+ i |gsin6>wT 3 + (/cos0 w — j + i (gcos9 w T 3 — </sin0 w — j 





l 9 t h 


~W + 


W 
+ -7= 


+ ie 


(t 3 + 








l 9 t h 
y/2 


~W + 
n 


w 

+ -7= 



COs6> w 



Y 

y 



T 3 + — ) sin 2 9 



w 



ig 



» ^ " COS^w 

where we have used the SM-relations 

e = gsin^w = g'cos9 w 

and introduced the operators 

T± = T 1 ± zT 2 , 



T 3 - Qsin 2 £ 



w 



Z„ (C.15) 



(C.16) 
(C.17) 
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Q = T 3 + ^. (C.18) 

Here the operator Q is the charge operator, with eigenvalues in units of the elementary 
charge e. 



C.1.2 Lepton and Higgsinos Kinetic Terms. 

After completing the rewriting of the covariant derivative in the previous subsection, we 
have for the kinetic term of left-handed leptons 1 

-il^^D^ = -iU^D^L^i, i,j = 1,2, 

-ilL-fOfvi-ilL-ftiflL 

= -iL^D^L. (C.19) 

Here L — ( v\ I ) is the SU(2)-doublet of four-component Dirac-spinors, well known from 
the SM. 

In a similar way, we can show that (R = Ir) 

-iRWaPDpRW = -iRa^D^R, (C.20) 
for the right-handed leptons. 

Furthermore, one has for the kinetic term of the two-component Higgsino H[ 2 ^ 

-i^Df^ Hi -i^Df^ Hi 

A COS (7 \y 

9 



2 cos # w 



x Keep in mind that the covariant derivative has SU(2) x U (l)-indices, and that the neutrinos are assumed 
to be completely left-handed. 



93 



2 " x ' ~ M 4cos# w 
- z H^P R d»H + e P 7 " P fi P A„ 



+ 



9 



2cos£ 



W 



1 - 2 sin 2 W ) Hy»P R H Z„ + t.rf. (C.21) 



Here the charge of the various (two-component) fields, recapitulated in table EO, has been 
taken advantage of. 

~ (2) 

In a complete analogous way, we obtain for the kinetic term of H 2 



- 1 flf^D^ 



2 4cosfl w 

+ JL &^p l h 2 w; + X ^ 27 ^P L P 

- i il-fPrfpH + e PfyP L P Afj, 
9 



1 - 2 sin 2 6 W ) HYPlH Z^ + t.d. (C.22) 



2 cos # w 

By adding eqs. ( |C/.21|) and flC.22|) , and using eq. ( |A.82j ), one may conclude 



-i H-od.H - % - Hn^Hx - ~ n 2 ~?> > II- 



9 

V2 



9 



2 cos 6* w 
+ t.d. 



m 2 n i 2 

&YPbA - S^PlHz) W+ + h.c] + e h^H 

1 - 2 sin 2 W ) P 7 ^P - l - (pr l7 ^ 75 PTi - F 2 r 75 P 2 



(C.23) 



C.1.3 Gaugino Kinetic Terms. 



With eqs. (ETTJ) and ([TT§ we have 

-iX a a»D^X a - iX'a^D^X' 

= -iA°a"9„A a - iX'^d^X' + Z5 / abc A<W b A c . (C.24) 



Using the inverse of the transformations ( |C.5|) -( |CV7|) yields for the two first terms of eq. 1 ^24) 
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— i (\a sin W + X z cos W J o^d^ (Xa sin 9 W + X z cos 9 W ) 

— i (\a cos 6> w — Xz sin 6> w ) a^d^ (Xa cos 6> w — A^ sin 9 W ) 



= -i X + a^d fJi X + - % X'a^X- - i Xa^O^Xa - % X z o»d^X z . 
For the last term of eq. (|C24|) we have 



ig f abc X a a»V b u X c 



ig /••"' A :1 rr"l>V + ig f- X : o"V"\' + ig f^Xa^X 3 



ige- 



X 3 a*V*X j - X l a»V 3 X j + X l a^X 3 

t* h 1 P 



Here we have used that 



/ 



y3 



(C.25) 



i,j = 1,2. (C.26) 



where is the usual antisymmetric tensor defined by e 12 = 1. 

Now each term in square brackets of eq. ( C26D will be rewritten separately. The results are: 
e ij X 3 a^X j = X 3 a^ (X 2 V^ - X l V 2 



% (A A sin# w + Azcos^w) a* - \~W} . . 



-e ij X i a fJ 'V 3 X j 



AVA 1 - X 1 a"X 2 )V. 



X-^X' - X + a"X + ) (A M sin# w + ^cos# w ) 



e ij X^VjX 3 



Hence, collecting terms yields 

pabc \ a — u\rb \ c 



AW; - X A a^ ) X 6 



(X + a»W+ - Xra^W-) (X A sin 9 W + X z cos 9 W ) 



ig f at,c X a a»V°X c 



-g {X A sin fl w + X z cos W ) o» (\ + W~ - X~W+ 

- g (XTa^X- - A+a^A+) (A^ sin 9 W + Z^ cos 9 W ) 

- g (X + a tl W+ - X-a^W-) (A A sin# w + A z cos# w ) 

^cos^w [(A^A - - X + a^X z ) W+ - (x z a»X + - X~a^X z ) W~ 



+ A+a^A+ - A~^A- Z 



+ e 



x A ^x- - x + (j^x A ) w; - [X A ^X + - X-g^Xa) w~ 

+ (X + a^X + -X-a^X-)A ' 



(C.27) 
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and thus 

-iA B ^D M A a - iX'a^D^X' 



-i A + ^<9 M A + - % X-a^d^X- - % \ A ^ l d^X A - % X z a^d^X z 
-gcos6 w [(Xz^X- - \ + a»\ z ) W+ - (X z ^ l \ + - A~^A Z ) W~ 



+ (A+^A+ - A~^A~) Z M 
(Aa^A - - A+ct^Aa) - (A A ^A+ - A-^Aa) W, 
+ (A + <^A + - A-^A") A M . 



+ e 



+ (A+a"A + - A-^A") A 



(C.28) 



With eqs. O, O, ( gig ) and ( |X6g) , the four-component form of flCTQ is easily 
obtained, and it reads 



-iX a a tM D^X a - iX'a^D^X' 



-i W-fd^W - % - A-fd^A - % - Zj^Z 
- g cos 6 W [ Z^W W~ + WYZ W+ - W^W Z„ 
~ArfW W~ + W^A W+ - W^W Aj + t.d. 



(C.29) 



C.1.4 Gauge-Boson Kinetic Terms. 



By introducing the practical "scripted" quantities 

A 



■'flU 



cos 9 W V^ U + sin 9 W V^, 



W, 



fj.ii 



- sin 9 W V^ V + cos OwV^, 
V2 ' 



(C.30) 
(C.31) 

(C.32) 



defined in complete analogy with the eqs. QC'.2] )-( |CI3D , the kinetic terms of the gauge-bosons 
can be rewritten in a compact form as we will see in a moment. However, first the explicit 
form of these "scripted" fieldstrengths will be derived. Hence 



A 



[IV 



cos W + V* v sin 6 W 



d,A u - d v A» - g sin 9 W f 12 (y}V? - 
A^ + ie (W+W--W-W, 



(C.33) 



Z 



fW 



-V^ sin 6» w + V^ u cos 6 W 



d,Z v - d v Z, - g cos 6 W [V^Vj - VJVJ 
Z„ v + igcos9 w (W+W- - W~W t 



(C.34) 
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with 



Furthermore 



w, 



where 



.4 



J )1U 



d^A v — d u An, 
d^Z u — d u Z^. 



V2 



-d v 



% {f 123 {VX - VX) T *f 31 {VX - V X) } 



V2 

d»W± - d u W± 



2 



W + 



W ) (A„ sin 9 W + Z v cos 9 



w) 



- (A„ sin 9 W + Z M cos 9 W ) (W+ - W~ 
T { (Ap sin 9 W + Z M cos W ) (w+ + W~ 
~ (W+ + W~) (A v sin 9 W + Z u cos 9 



w 

2 



W+ {(Ay ± Ay) sin 9 W + (Z u ± Zy) cos 9 W } 

- W~ {(Ay =f Ay) sin 9 W + (Z v T Z v ) cos 9 W } 

- {(A^ ± Afj) sin9 w + (Z„ ± Z^) cos£ w } 

+ {(A^ t A„) sin # w + (Z„ =F cos M W~ 



,„ = d,Wt~dyW i 

is the "normal" fieldstrength of the W-bosons. 
Writing eq. ( |6'.35| ) out in full yields (e = g sin 9 W ) 



W++ie(A,W+-W+A l 



+ i g cos 9 W ( Z^Wy 



and 



W, 



/if 



/if 



ielA^W- 



w+z L 



W^Ay 



-igcos9 w (Z^W--W-Z l 



(C.35) 
(C.36) 



(C.37) 



(C.38) 
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Note that contains neither nor Wjf (reversed signs) as we may have guessed in 
advance. 

With the above relations established, we have for the kinetic terms of gauge-bosons 
1 



'yafivya , y I [ivy I 
4V /J,u ~ v fiu 

1 1 i 

^ rY YY iiv ^ vv rv fiu 4 



- - AP" A 



flU ■ 



(C.39) 



This concludes this subsection. 



C.2 Rewriting Interaction terms. 

In this section the various interaction terms of eq. (|C1|) will be rewritten. 



C.2.1 Rewriting Interaction Terms Containing Gauginos. 



Before proceeding, a useful general calculation will be performed. From the no-shall La- 
grangian ( |2.26|) , or equivalently from eq. (|£>.45| ), we see that the transcription of the matter 



field Lagrangian is completed once the expression (adopting the general notation of sect. |B.3|) 



y/2i A ] 



gT a \ a + -g'YX' 



gT a X a + -g'YX' 



A. 



(C.40) 



is rewritten. The first term of eq. ( |C40| ), in square brackets, can in analogy with the 
covariant derivative, be written as 



gT a X a + -g'YX' 

g 



T+A+ + T-X- 



eQ X, 



\f2 v 1 cos6 w 

Here T 3 and Q are the representations of T 3 and Q respectively. 
By hermitian conjugation, one obtains for eq. ( C.40 ) 



T 3 -Qsin 2 fl w X z . (C.41 



V2i A ] 



gT aya + -g'YX' 



gT a X a + -g'YX' 



A 



ig (A^T + ?P X + - A+ iIjT'A) + ig (j$T~$ X~ - A - ipT + A 
+ V2ie (A ] Q4) X a - X A ipQA 



cos 6* 



T 3 -Qsin 2 fl w tpX z -X z ij T 3 - Q sin 2 9 



A) 
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ig (A ] T + i) X + - A + tf;T~A] + ig (A ] T~i> X~ - A~ ipT + A 
+ V2ieQi (A ]i ft X A - X A ft A 



+ 



V2ig 



T^ 3 - sin 2 fl w ] (A u ft X z -X z ftA l ), i = 1, 2. (C.42) 



cos6\v 

Here 7^ 3 and Qi are the eigenvalues of T 3 and Q respectively. 

To introducing the new two-component spinors (A ± , A^, X%) in the various interaction terms 
is thus straightforward in view of the general expression (|C.42 ). Hence we have 



V2i D ( gT a \ a - -g'X') - V2i ( gT a X a - -g'X') L 



(p 1 2 A+ - X + L^ 2 L 1 ) + ig (p 2 X A~ - A~L (2) 1 L' 
-V2te p 2 L^ 2 X A ~X A L^ 2 D 

+ (^ 3 - Qi sin2 M ( Li 1 L(2) ^ ~ ^ m 1 D 



-g (p 1 WP L L 2 + L 2 P R W C L 1 ) -gp 2 WP L L l + L X P R W L 2 ) 
+ V2e p 2 AP L L 2 + L 2 P R A L 2 
V2g 



cos 9 



w 



(l? - Q { sin 2 6 W ) (D i ZP L U + L'PrZ V 



-g p 2 W c L 1 + L X W L 2 ) + V2e L 2 A U 

V2g 



sin^ 9 W ) VZ V + h.c. 



cos9 w 

Here in the last line we have utilized that PlL = L. 

The corresponding term for the right-handed leptons is rewritten as follows 
V2i R ] g'X'B} 2) - V2i R {2) g'X'R 

= V2ig' $ (X A cos 6 W - X z sin 6 W )R {2) 
- V2ig' R {2) (X A cos 6 W - X z sin W ) R 



(C.43) 



V2ie (p R {2) X A - X A R {2) R 



_ y/2ig^h. (b) R^Xz - XzR {2) R) 

COSfc'w v 7 

-V2e (p RP L A + AP R R R 
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COS# W v J 

= -V2e ARR + V2g — f W ZRR + h.c. 

cos# w 



v- v-v ,, . (C.44) 

cosfl w 

Here we have used that J? is a right-handed gauge-singlet (and thus also the component 
fields), and that g' = gta.ia.6w. 

Hence, adding eqs. ( P'.43| ) and ( P'.44j ) yields 



-A a - ^g'X'^j L (2) - s/2i (gT a \ a - ^g'X'\ L 



V2i D [gT a \ a - -gf f 
+ V2i itfg'X'R® - V2i R^g'X'R 

= -9 



'{L l W L 2 + L 2 W C L 1 } + h.c] + V2e [{L 2 A L 2 - AR k] + h.c. 

-^4r- [f f X 3 - Qi sin 2 9 W ) UZ U - sin 2 6 W ZR r\ + h.c' . 
;os 9 W u v ' > J 



COs6> w 

With eq. (£73%) and the fact that QP X 
v^i Pj [gT a \ a - X -g 



(C.45) 



= (0 -P 2 

-(2) 



T 



- -(/'A') P? } - v^i pf (> a A a - ~ 
= ig (Hl^ 2 Hl \ + -\ + $ 2 Hl H*) +ig 



we have 
1 /w x 



-V2ie (H^ip 2 Hl \ A -\ A $ 2 Hi H\ 



,a A a - ~</A') Hi 



21 1 A A cj h H 



+ 



v^2 cos 6* w 
v2 cos 6* w 



(HlU l Hl \ Z -\ Z ¥ Hl H x K 
[l - 2 sin 2 W ) (P 2 f V^Az - A z ^lr a #1 



= - 5 (P^ * PP L H> + VTPrP Pi 1 ) - 5 (if? ] WP L H X + PiPrW #j 
+ V2e (Hi ] HP L A + AP R H H\ 



+ 



9 

a/2 cos # w 
9 

a/2 cos 6* w 



(P x lf H 1 P L Z + ZP R H 1 H 1 1 ) 
(l-2 sin 2 0w) (P 2 f PP L Z + ZP^P P 2 ) 



= -0 (iyP R P ff* + PiP^ 

- ZP R H X H\ + P 

a/2 cos # w \/2cos# 

+ /i.e. 



P x 2 ) + A/2e iP K P Pi 

(l-2 sin 2 W ) ZP R P P 

:ios# w v y 



(C.46) 
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A corresponding calculation for the if2-term yields 

V2i H\ [gT a X a + i^A') H {2) - V2i hf (gT a \ a + i</A') H 2 

= -g (WP R H 2 Hi + HP R W Hi) - V2e HP R A H\ 

- -=J- (l - 2 sin 2 9 W ) HP R Z H\ + - n 

v^cos^w V v^cosfl 



-H 2 P R Z H g 



w 



+ /i.e. 



(C.47) 



Here we have used that for Majorana spinors ^1^2 = \J/ 2 \I/i and ^175^2 — ^275^1 (cf. 
eqs. (gjg) and (|A96| )) 



Adding eqs. (ICTf ) and flCTp yields 



v^i tfj [gT a \ a - i</A') #{ 2) - # f } (> a A a - ~</A') ^ 



[ (WP R H Hi + HP R W Hi + H X P R W H\ + WP R H 2 H\) + /i.e. 
+ V2e [ (AP R H Hi - HP R A H\) + h.c. 

\{Zp r h x h{-h 2 p r z h\ 



V2cos6 



w 



- (l - 2 sin 2 9 W ) (ZP R H Hi - HP R Z H\) } + h.c] (C.48) 



This completes this subsection. 



C.2.2 Rewriting the Cubic Interaction Terms. 

In the previous subsection, cubic interaction terms containing gauginos were transcripted. 
The aim of the present subsection is to perform a paraphrase of the remaining cubic inter- 
action terms of the Lagrangian ( |C. 1| ) . The calculations go like this 

-fs« (H^L^R + H^l^iR} + H[lW1R® 



-f 



H {2) 2 R - H (2) 2 L^ 1 R + H { ? 2 R) - Iff "l^ 1 ft 
+ L® 2 R^ Hi - L® l R^ Hi + 2 R^ h{ ] - L (2) x i? (2) H 2 f 



+R^H{ 2) 1 L 2 - R^H[ 2) 2 L 1 + Rpmf 1 L 2 1 - R^H'C ' L 1 



= (2)2 ~. 
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/ [ ^ H A 2) R - tkW R + ^hA 2) & - faff # 

+ u?v$ hi - 4 2) 4 2) hi + u®i$? hv - m } hv 
+«g)< l 1 - if^ Hi I? + mk ^ - mk i 2] 

f [ HP L v x R + v x P R H BJ - H 1 P L l L R - IlPr^ ft 
+ l R P m Hi + UtPdn Hl j - l R P L l L H\ - l L P R l R Hi f 
+l R P L H c L 1 + HP R l R L 1 1 - l R P L H x L 2 - H x P R l R L 2 * 

/ [ [HL 1 R - H X L 2 R + RL 1 Hi - RL 2 Hi 
+RH C L 1 - RHt L 2 } + h.c. 



(C.49) 



C.2.3 Rewriting the Higgsino Mass Terms. 

In order to complete the rewriting of the Lagrangian one has to transform the terms 

yue*- 7 h[ 2 ^ 1 H 2 2 ^ ^ , and their hermitian conjugated, into four-component notation. This is done 
like this 



£V(2)i£V(2)j ~ (2)i ~ (2)j 

H 1 ti 2 + n l n 2 



/i HH — ^ H X H 2 — ^ H 2 H l7 



and finally the rewriting procedure is completed. 



C.3 Summation — The On-Shell Lagrangian. 



(C.50) 



In the two previous sections the transcription from two- to four- component notation of the 
various terms of the Lagrangian ( |C7.1| ) was completed. In this section we will collect the 
results, and with eqs. (lOToD , (|aT9|) , (|O20D , flggg) , ( gTgjj ), ( ggjj ), (^4|), (|048D , (|049D 
and finally eq. ( |C'.5U| ) we obtain 



£st/sy = (^) + (D^-iL^D^L-iR^D^R 

\J}W L 2 + L 2 W C L 1 } + /i.e.] + v^e [{l 2 i L 2 - AR + /i.e. 



v 7 ^ 



cos 6* 



w 



{ (?~ 3 - Qi sin 2 W ) V - sin 2 # w Zi? r} + /i.e. 
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g cos 6 W [ Z*fW W~ + W*fZ W+ - W'fW 
~ArfW W~ + W^A W+ - W^W 



1 



+ (PAP^ (D^) - fi'HlH, + (D»H 2 y p M F 2 ) - /i 2 P 2 T P 2 
v/2 



,2rzt. 



H-fP R H x - H^P L H 2 ) W+ + h.c. + e P T "P A M 



2cos£ 



+ 



+ V2e 



9 



(» 



2 sin^ W ) P 7 "P - - (P^Pi - H 2l ^H 2 



WP R H H\ + PP R W> P 2 2 + H X P R W Hi + W>P fl P 2 Hi) + /i.e. 



COS #w 



APrP P 2 - PP/jA Hi) + /i.e. 
{IPrP! ^ - H 2 P R Z H 2 2 

1 - 2 sin 2 W ) (ZP fi P P 2 - HP R Z P 2 X ) } + h.c. 



+ / [{PP 1 P - PiL 2 R + PL 1 Hi - RL 2 Hi + RH C L 1 - RH X P 2 } + h.c. 



Hf HlLR + h.c. - f 



_ 9_ ^ l\ T a~ L + H t T a Hi + H ^ T a H2 j ^ + E\T a H x + H\T a H 2 



L f L P f P + PjPi (Z f L + P f P) - H\1(h\l) 



.d. 



(C.51) 



Here W c is the charge conjugated (defined in eq. (|A91|) ) of the spinor (|2.46|) and Pl and 
P R are the left- and right-handed projection operators given by eqs. (|A.80|) and (|A81|) , i.e. 



Pt 



2(!-T5), 



PR = ^(l + Ts) 



(C.52) 
(C.53) 
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Appendix D 



The Two-Component Form of the 
On-Shell Lagrangian C<SUSY- 



In this appendix, starting with the off-shell Lagrangian ( |2.11|) , we will construct the cor- 
responding (two-component) on-shell Lagrangian, i.e. we have to eliminate the auxiliary 
fields. 



D.l The Auxiliary Fields. 



In sect. p.2| we obtained, by using the Euler-Lagrange equations, the following relations for 
the auxiliary fields 

= -fe^H{R, (D.l) 
Fi = -fe^H{L\ (D.2) 
= -ne ij H J 2 - f e ij L j R, (D.3) 
Fi ] = -fxe^Hl, (D.4) 



and 



D a 



DT a L + H\T a H 1 + HlT a H 2 ] , (D.5) 



D' = 9 -VL- g' B}R+ 9 -HlH x - 9 -HlH 2 . (D.6) 

In this appendix, the detailed calculations for the back-substitution of these relations into 
£-Auxi given by eq. ( p. 16 ), will be performed, and we start by eliminating the auxiliary 
F-fields. 
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D.l.l Auxiliary F-fields. 

With eqs. (|ZXT]) (|7X^) we have 

FlF L + F^Fr + F\Fi + F\F 2 



c 



Aux-F 



+ jj, e 13 H[Fi + H?F£ j + F{H{ + F?H 3 2 



•<i t rjj t 



+ fe i - 



F{UR + Fi ] L j] R ] + H{f{R + H{ ] F 3 L ] R ] 
+H i l UF R + H l l ] L^F ] R 



(-fe ij H[R) (-fe kl Hl ] R ] ) + (-fe ij H[V) (-fe H H^L 1 ^ 
+ (-fte ij H J 2 - fe ij L j R) [-^e ik H kj - f^L^W) 



+ /X e ij (-(ie ik H k] - fe ik L k ^R ] ) H{ 

+ n e ij (-iie ik H k - fe ik L k R) H J 2 f 

+ f e ij (-iie ik H k] - fe ik L k] R)) LPR 

+ / e ij (-iie ik H k - fe ik L k R) L j] R ] 

+ / e ij H{ (-fe kj H kj &) R + f e ij H{ ] {-fe kj H k R) j$ 

+ / e ij H[L j (-fe kl H^L 1 ^) + f e ij H\ ] U ] (-fe kl H k L l 



Jj rr?t 



-fie 



kj jjk 



-/i 2 H\Hi - ii 2 H ] 2 H 2 - (if \ H\L R + Dh 2 $ 



VL r ] r + h\h x {pi + We) - h\l (h\l) 



Here in the last transition the following relations have been used: 

5 ik , 



£ ij £ kj 



e ij e M 



(D.7) 



D.1.2 Auxiliary D-fields. 



When one is going to rewrite Caux-d, given by 



C 



Aux-d = - ( D a D a + D'D' ) 

+ V (gT a D a - -g'D' ) L + R^g'D'R 
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+ H\ [gT a D a - l -g'D'^ H x + H\ [gT a D a + l -g'D'^ 

it is practical to introduce the following temporary abbreviations 

A = DT a L, 



B 
C 
D 
E 
F 
G 



H\T a H x , 
H j 2 T a H 2 , 

VL, 
h\h 2 . 



Here the SU(2)-index "a" has been suppressed for convenience. 
With these abbreviations eqs. ( D.5|) and (|P.6|) take on the form 



D a 

D' 



-g[A + B + C], 

D F G 

E + 

2 2 2 



We will now rewrite each term of eq. ( £?.8|) . Hence 



1 



D a D a 



D'D' 



(A + B + C)(A + B + C) 



g_ 

2 

g' 2 [D^FGXfD^FG 

— E + E + 

2 V 2 2 2/V2 2 2 



V ( gT a D a - -g'D' ) L 



-g 2 A[A + B + C] - \g' 2 D 



D 
~2 



E + 



G 
~2 



Ftfg'D'R = 
H\ ( gT a D° 



g' 2 EI — -E + -- - 



D 



-g 2 B [A + B + C] - -g' 2 F 



D 
~2 



E + 



G 
~2 



Hi[gT a D a + l -g'D'^H 2 



^C[A + B + C] + -g u G 



D 
~2 



E 



F 
~2 



G 
2~ 
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For Caux-d this implies 

C Aux - D = - 9 ^{A + B + C)(A + B + C) 

2 V 2 2 2/V2 2 2 

or in terms of the S-QFD fields 
a 2 

Caux-d = -— ( L ] T a L + H[T a Ei + H ] 2 T a H 2 ) ( VT a L + E[T a R x + H j 2 T a H 2 

- ^ (Z f L - 2^ + i^tfa ) . (D.9) 



D.1.3 Conclusion. 



From the two previous subsections, we can conclude that the expression for the "auxiliary' : 
Lagrangian is 



C 



Aux-F 



Aux—D 



2 trt; 



-/ 2 



L f Z M + #t Fi mi + j^t^ _ 



— ( L ] T a L + H\T a Hi + H 2 T a H 2 ) ( VT a L + H\T a H t + H 2 T a H 2 ) 



- y ( Z f L - 2^ + if^f/i - #]# 2 
This concludes this section. 



(D.10) 



D.2 The On- Shell Lagrangian. 

The on-shell Lagrangian Csusy is with the results of the previous section, easily obtained 
from the corresponding off-shell Lagrangian fl2.11| ) by substituting for eq. (|D.10|) . 

The result is: 

C SUS y = (D»L) j (pj) + (d»R) ] (d,R) - iL^D^® -iR^D.R® 
+ V2i D ( y gT a X a - ^g'X') L (2) - V2i L (2) (gT a X a - ^g'X') L 
+ V2i R j g'X'R {2) - V2i R {2) g'X'R 
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- i X a a^D^X a - i X'a^D^X' - - ( V a ^V^ + V'^V^ ) 
+ (D»Hj (D^Hi) + (W/ 2 ) f {D,H 2 ) 

- i H^a^D^H? - i Hfa^D^Hf 



+ V2i Ht [gT a X a - l -g'X^ h[ 2) - V2i [gT a X a - ^</A') H x 

1 M A -( 2 ) 



+ V2i H\ [gT a X a + l^A') - V2i flf [gT a X a + ^'A') H 2 

- /I 2 //J//! - ^ 2 # 2 f # 2 - /// [ + L f iJ 2 £ f ' 

- f VI R ] R + H\H X (pL + ^ f J R) - H\~L (h\l) j 
a 2 

_ y_ ^ ~ L \ T a~ L + H \rpa Hi + H ^ T a H2 ^ ( + tftya^ + tftya^ ^ 

a' 2 2 
-^-(VL-2&R + hIh 1 -HIh 2 ) +i.d. (D.ll) 

8 ^ ' 

Hence this appendix is concluded. 
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Appendix E 

Transcription of the Scalar Higgs 
Potential. 



The aim of this appendix is to eliminate the SU(2) representation matrices T a appearing in 
the scalar Higgs potential given by eq. (|3.5| ), i.e. 



V Higgs = {ml + ii 2 )H\H l +{ml + ii 2 )HlH 2 -mle^{H{Hi+h.c) 

2 

+ — (H\T a H 1 + H ] 2 T a H 2 ) (H\T a Hi + H j 2 T a H 2 



(E.l) 



Our starting point is the following general calculation 

1 



m,n = 1,2 (no sum) 



fft ( 1 \ H fft ( M 77 
I 1 / I 1 / 



( tt\ t tt2 i rr2 t rrl \ / ttI t tt2 , rr2 t rrl 

tt2 t rrl rrl t rr2 W rr2 t rrl rrl t rr2 
fJ 1 ^ U 1 U 2 * U 2 \ ( U 1 1 f/ 1 U 2 ^ U 2 
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1 r 
4 



9 H^ H 2 H 2 H^ 4- 9 H 2 Ff^ Ff^ FT^ 

m m n n ' m m n n 



I rrl t rrl rrl T rrl , rr2 T rr2 rr2 T rr2 

m m n n ' m m n n 

- Hi V # 2t F 2 - V ffi V 



rlt 



2 t 



r2t 



With this result we have 

„2 







^- ( H[T a H x + H j 2 T a H 2 ) (H\T a H x + H ] 2 T a H 2 

2 



I O t rrl rrl t rr2 , r> rr2 t rrl rrl t rr2 

-+- A ri^ + Z tl 2 n 2 n 2 ri 2 

_L 9 H 1 ^ TJ l rrl f rrl , n rr2 t rr2 rr2 t rr2 

+ Z .O^ ii^ il 2 -"2 i" 1 1 2 2 

O rjl T rrl rr2 t rr2 r> rr2 1 rr2 rrl t rrl 

— I tl x H 1 li 2 li 2 - Z U 1 li l ti 2 ti 2 



+4 H\ ] Hl H^Hl+A HfH\ H\ A H\ 



r2t 



2t; 



rlt 



^r^2 



+ ( tfj f iJj - H{ X H{ Y + 2( K H[ ] H[ 



- 2 



e ij H\H{ 



it 



H{ ] H{ - W 2 H{ \ +4 tfJ'iZJ 



Here in the last transition we have used the identity 



m ] m 



mm 



H\ ] H{ 



which can be derived by straightforward calculations. 
Hence the scalar Higgs potential ( |A'.1| ) reads 



m^rn, 



Vi 



Higgs 



{rn\ + u 2 ) H[H X + (m 2 2 + /i 2 ) #J# 2 - m 2 + fc.t 



+ l(9 2 + 9' 2 ) {H\H l -HlH 2 ) 2 + 9 - 



m ] H 2 



and this concludes this appendix. 
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